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PREFACE. 



The mathematical sciences, have been considered, 
since the early periods of their existence, among the 
noblest objects ol human inquiry. Of these, next to ar- 
ithmetic, geometry occupies the first place, in regard both 
to importance and to time. The Grecian philosophers 
cultivated this branch of knowledge, with an ardour and 
industry, which manifest their hi|f|i opinion of its va- 
lue. In the Ionian and Pythagorean schools, geometry 
was considered an indispensable preliminary to the 
study of philosophy. When a person, ignorant of ge- 
ometry, applied for his instructions to the philosopher 
Xenocrates, he is said to have made this laconic reply : 
" thou hast not the handles of philosophy." 

The perspicuity of geometrical reasoning, the accu- 
rate ana inimitable dependence of its arguments, and 
the unfaltering certainty of its conclusions, are emi- 
nently calculated to form the mind to habits of atten- 
tion, and to a regular and forcible concatenation of its 
ideas. No wonder then, that it was so highly prized by 
that acute and inquisitive people. 

Two modes of procedure, according to the different 
objects in view, were adopted by the ancient geometers: 
synthesis and analysis. ' 

Synthesis, or composition, consists in. the direct solu- 
tion of a problem ; or, the demonstration of a proposi- 
tion by a sAies of arguments, regulai^y deduced, trom 
self-evident truths, or from 6ther propositions previously 
established. This method is very proper for conveying, 
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with clearness, to another, those truths which are com- 
pletely understood bj the instructer. The works of the 
ancient geometers, which have escaped* the ravages of 
the barbarous ages, are mostly synthetical. The Ele- 
ments of Euclid, so well known m our modern schools 
of geometry, furnish, probably, the most complete speci- 
men of the ancient Sjrnthesis extant. And it is a re- 
markable fact in the history of science* that the geome- 
try of Euclid, though written two thousand years ago, 
and some time anterior to any other mathematical tract 
that has reached us, is still one of the best elementary 
works on that subject, which has ever appeared. 

Analysis, or decomposition, on the other hand, as- 
sumes, as known, the proposition which is to be examin- 
ed ; or, as already effected the solution which is to be 
made, and thence proceeds to examine the consequences 
necessarily resulting from such supposition, until, in 
case of a theorem, a conclusion is attained, the truth or 
falsehood of which is already known, whence the cor- 
rectness or absurdity of the supposition becomes esta- 
blished; or, in case m a problem, such relations are de- 
termined as prove the possibility or impossibility of the 
solution. In synthesis, observes Montucla, we proceed 
from the known to the unknown, from the trunt to the 
branches; in analysis, we proceed from the unknown to 
to the known, fro^fi the branches to the trunk. 

The analytical method is frequently indispensable, 
w1\en new problems are to be solved, or new theorems 
investigated. No doubt, many propositions which the 
ancients have transmitted to us in the synthetical form, 
owe their discovery to analysis. 

Of this method of procedure, the mathematical collec- 
tions of Pappus, and the work, De Sectiones JRationis, of 
Appollonius, furnish the principal specimens which the 
ancient geometers have left us. 

In the ancknt geometry, the magnitudes under con- 
sideration, were mostly presented to the mind through 
the medium of representations, as similar as practicable 
to their antitypes. In some instances, ]pwever, this 
analogy was entirely abandoned, as in the fifth book of 
Euclid's Elements, where right lines are the only repre- 
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sentatives used, yet the reasoning is so conducted, as to 
be equally applicable to magnitudes of every kind, and 
even to abstract numbers. In this instance, we may 
discover a commencement of that species of generaliza- 
tion, which forms so conspicuous a feature in our modern 
mathematics. 

The ancient analysis furnished the germ of that 
branch of mathematics, which, in the hands of the mo- 
derns, has become the great master key to all the rest; 
butMt does not appear to have assiimed the character of 
a distinct science, till after the commencement of the 
Christian era. 

The earliest writer, in whose works the science of al- 
gebra is distinctly seen, was Diophantus, a mathemati- 
cian of the Alexandrian school. The time in which he 
lived is not precisely known, biit it was not later than 
the fourth century, as the daughter of Theon, the araia- 
^ ble and accomplished Hypathia, who died about the be- 
ginning qf the fifth, wrote a commentary on his works. 

Whether Diophantus was the inventor, or only an im-' 
proyer of -algebra, cannot nqw bo known; the latter slip- 
position, however, is the more probable, as the science, 
m his hands, exhibits a degree of maturity, which it can 
hardly be supposed to have attained in the first period 
of its existence. 

A part onlj^ of the original work of Diophantus is now 
to be found; in this he does not explain the first princi- 
ples of the science, but teaches the solution of a great 
variety of difficult questions, in that branch of the sub- 
ject, now called, from him, the Diophantine Algebra, or 
the indeterminate analysis, applied to equations of the 
higher orders. The various questions, if original, which 
he has formed, and the address with which he has con- 
ducted their solutions, necessarily inspire his readers 
V^ith a high opinion of his invention and discernment. 
His work, written in the original Greek, was discovered 
in the Vatican Library, about the middle of the sixteenth 
century. 

Though the science of algebra appears to have origi- 
pated among the Greeks of the Alexandrian school, the 
inhabitants of western Europe derived their knowledge 
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of it from the Arabs, who are by some supposed to hare 
been its inventors. 

Dr. Wallis observes, that they diflfer essentially from 
Diophaiitus in their manner of expressing the powers. 
The Greek analyst calls the 2d, 3d, 4th, 5th 6th, &c. 
powers, the square, cube, squared square, squared cube, 
cubed cube, &C.5 each power being designated by the 
two inferior powers of which it is*the product. But the 
Arabian algebraists denominate the 5th power the first 
sursolid, the 6th the squared cube; being the square of 
the cube, and not the product of a square and cube; the 
7th the second sursoiid, and so of the other powers. 
Hence, he infers, that the Greek^and Arabian -analyses 
were not derived from a common source. 

With due regard for the opinion of this eminent 'scho- 
lar, it appears quite as rational to suppose, that the Ara- 
bian matnematicians may have borrowed from their tu- 
tors, the Greeks, this branch, with the rest of the 
mutilated sciences, and adopted, in the denomination of 
their powers, a mode of expression peculiar to them- 
selves, as to believe, that while the other parts of Gre- 
cian science were sought with avidity, this was permitted 
to sleep amidst the dust of neglected libraries, till the 
same thing had been reinvented by a people much less 
advanced in scientific knowledge, and less remarkable 
for invention than their predecessors. In the history of 
scientific discoveries, there always appears a regular de- 
pendence in the successive stages. The discoveries of 
one age are the results of those made in the former. 
Logarithms were invented, when the discoveries in as- 
tronomy and trigonometry had rendered their use in- 
dispensable. The discoveries of Newton could ndt have 
been made, even by that gigantic genius, in the time of- 
Copernicus; nor could Columbus have led his trembling 
companions across the Atlantic, before the invention of 
the mariners' compass. 

Whether the science of algebra was invented by the 
Arabs, or borrowed from the Greeks, the name is un- 
questionably of Arabic origin. The names given by the 
Arabs, for they used a plurality, were algebra f/aitnuca- 
baUu These words, according to liucas de Burgo, sig- 
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iiifj restauraiio et oppo^itio, restoration or rebuilding, 
and opposition. Goltus defines the word gebera, or gia- 
bera by religavU cansolidauitj it bound or consolidated ; 
and mocabulatj bj comparaiio, apposition c^n^rison, 
opposition. - ^ V 

By these words they probably designed to indicate 
the general objects of the science. The quantity whose 
value is sought, is commonly interwoven with, or bound 
to other quantities, in such a manner as to form one or 
more equations, or comparisons of quantities set in op- 
position to «ach other. These equations are then trans- 
formed> or rebuilt, till the unknown quantity is brought 
out iii^opposition to a given or known one. The name 
almucabala was adopted by some of the Italian writers, 
andnt is thus designated m some of the works of Car- 
dan ; but the term algebra appears now irrevocably fixed 
upon it. 

The most ancient authors on algebra among the 
Arabs, are Mohammed ben Musa, and Thebit ben Co- 
rah. The former is described by Cardan as the in- 
ventor- of the method of solving equations of the second 
degree,* a discovery in which ne was certainly antici- 
pated by the mathematicians of the Alexandrian school. 
From the title given '^o his book, it has been inferred, 
that he flourished during the reign of Alniamon, or in 
the early part of the ninth century. 

Whether- the Arabian, algebraists proceeded beyond 
the solution of equations of the second degree, is an un- 
settled question. An accurate knowledge of the mathe- 
matical sciences, is seldom combined,. in the same indi- 
vidual, with an extensive acquaintance with Arabic li- 
terature, and therefore, little is certainly known on this 
subject. The Bodleian Library in England, and that 
of theEscurial in Spain, are sai^;! to possess a great num- 
ber of Arabic works on the subject of algebra. 

Leonard of Pisa, who lived near the beginning of the 
thirteenth century, impelled by a thirst tor mathemati- 
cal knowledge, travelled into Arabia and other parts of 
the east, and on his return, first communicated to his 
countrymen the science of algebra. I do not find that 



via PREFACE* 

any of his writings on that subject have ever been pub- 
lished. 

In a treatise upon trig6nometrj, bj Regiomontanus, of 
Franconia, written about -the year 1464^ some problems 
are solved bj algebra, in which he refers to the rules, as 
though commonly known. 

But the earliest European author whose works, speci- 
ally on this subject, have been published, was Lifcas de, 
Burgo, before mentioned. He was a franciscan, who 
travelled in the east, either in pursuit of knowledge, or 
for some purpose not now known, and after his return, 
taught mathematics at Naples, Venice and Milan. His 
work, ill which the rules of algebra are laid down, was 
first printed in 1494. In this the science appears very 
far below our modern algebra. The rules for the solu- 
tion of adfected quadratic equations, are given in semi- 
barbarous Latin verse, and Uie different cases separate- 
ly treated. His solutions do not rise to equations above 
the second degree. 

The solution of cubic equations appears to have been 
first eftected by Scipo Ferrei, professor of mathematics 
at Bologna, about the beginning of the sixteenth century. 

This solution, however, included but one case, name- 
ly, that in which the first and third powers only, of the 
unknown quantity, were involved. Some questions, in- 
cluding this case, being afterwards proposed to Nicholas 
Tartaglia, an eminent mathematician of Brescia, he dis- 
covered a general solution of equations of the third de- 
gree. This discovery he communicated to Jerome Car- 
dan, a physician of Milan, under an injunction of secre- 
cy.- Cardan, notwithstanding, having found the demon- 
stration, published it in his work, De Arte Magna, in 
1545v This is now commonly called the method of 
Cardan, 

Cardan first remarked the plurality of roots in quad- 
ratic equations, and their distinction into positive and 
negative. The solution of equations of the fourth de- 
gree was accomplished soon after the discovery of Tar- 
taglia^ by Lewis Ferrari, a pupil and coadjutor of Car- 
dan. 
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Some intricacies belonging; to equations of the third 
degree were further unravelled bj Raphael Bombelli* 
of %ologna, and published in 1579. 

The algebraists, whose labours have been noted, ex-< 
pressed known quantities by their proper numerical 
characters, and therefore, their solutions were destitute 
of that generality which constitutes so prominent a fea- 
ture of our present analysis. Their modes of solution 
were applicable to all similar problems, but their r€9tUt$ 
were confined to particular questions. Francis Yieta, 
who was born at Fontenoy in Poitou, in 1540, and died 
in 1603, by using letters of the alphabet to represents 
known as well as unknown quantities, gave an extent 
and generality to the science which it did not possess 
before. By tnis change, algebraists >vere enabled to in- 
clude, in a single solution, a whole class of problems, 
and to obtain the result in each particular case, by sim- 
ple substitution. He taught the method of taking, from 
an equation, its second term, and thus reducing adfect- 
ed quadratics, to simple quadratics ; and all cases of 
cubic equations to the case solved by Ferrei. He also 
taught the solution of cubic equations, having three pos- 
sible roots, by the trisection of an angle. He made nu- 
merous improvements in algej>ra, and furnished the 
germs of some discoveriefl which have since grown up 
under other names. 

Thomas Harriott, an English analyst, followed in the 
steps of Vieta, and made several important improve- 
ments in the science. He, first, adopted the plan of 
placing all the terms of an equation on one side of the 
sign of equality, and zero on the other; and showed that 
an equation thus expressed, may be always formed by ^ 
the multipiicatibn of binomial factors. This naturally * 
led to the discovery, that every equation has as many 
roots, or values of the unknown quantity, as there are 
units in the index of its highest power. Harriott, not- 
withstanding this observation lay directly in his road, 
does not appear to have made it. The complete devel-^ 
operoent of negative and impossible roots, was left to 
exercise the ingenuity of succeeding inquirers. Vieta 
employed the large letters of the alphabet,'and indicated 
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their powers bj initials placed over them, as exponents 
are now. used : Harriott substituted small letters, and 
denoted their powers by repetitions of the letter ; thus 
instead of A^, A^, &c. he wrote aa^ acta, &c^ a small 
change indeed, but still an obvious improvement in the 
notation. 

His Artis Analytic» Praxis, containing his disco- 
veries, was published after his death.* He was born at 
Oxford in 1560, and died in 1621. The celebrated 
French philosopher, Rene Descartes, contributed large- 
ly to the advancement of algebra. He explained the na- 
ture, of negative roots, and taught the .manner of finding 
their number by the changes of the signs in the general 
equation. The use of exponents, as now applied^is at- 
tributed to him; as is also the method of indeterminate 
co-efficients. 

The first application of algebra to geometry, was long 
prior to the time of Descartes, yet those sciences are in- 
debted to him for that intimate union, which lias since 
contributed so extensively to the im\)rovement of both. 
Descartes was born in 1596, and died in 1650. 

Soon after the time of Descartes, the analytical science 
took a flight, which If followed, would lead me far be- 
yond the bounds of a^ preface. This sketch of the his- 
tory will, therefore, be closed with the remark, that this 
science, as enriched by the discoveries of Newton, Leib- 
nitz, and others, has become in the hands of our modern 
philosophers, the torch to guide them through the most 
intricate labyrinths of science.^ that by its light they have 
traced the motions of the celestial bodies through all 
their mystic dance, and penetrated many of the recesses 
of nature, where, without its aid, they^ must have been 
bewildered and lost. 

The following work was undertaken from a persua- 
sion, that the books on algebra, used in our schools, were 
none of them, entirely adapted to the wants of a large 
class of pupils, many of whom do not enjoy the leisure. 



• Bossut says it was published in 1620, Montucla and others 
say in 1631. 
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or the talents requisite for penetrating the depths of 
science, and jet are desirous of attaining a knowledge 
/of this subject, sufficient to qualify them for studying 
successfully the common practical branches of mathe- 
matics, to which this serves as a key. In the most po- 
Eular treatise on this science, with which our schools 
ave been furnished, the progress of the student appears 
to me, needlessly obstructed, by difficulties near the 
commencement, which to a common intellect, are almost 
insuperable. 

My object has been to present the most useful parts 
of the science in such order, that no very abstruse pro- 
cess should be required, before the pupil had been suf- 
ficiently exercised, to acquire the requisite skill. . The 
expedients demanded for solving the questions, are 
mostly pointed out before they are called for in practice. 
In a popular treatise on a subject which has engaged 
the attention of so great a number of authors, many of 
ihem, unquestionably, endued with talents of the hignest 
order, it would be idle to expect much originality. My 
object has been to smooth the path of the student, and 
diminish the toil or the tutor. The work, with all its 
imperfections, is submitted to the inspection of th« 
puDlic. 
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DEFINITIONS. 



AarxotE 1. Algebra, or specious aiithmetiCy is tiic 
science of computing bj symbols or general charactfery. 

2. Quantities^ of whatever kind^ are usually denoted 
by letters of the alphabet. 

3. The relations of quantities, and the operations to be 
performed on Ihem, are indicated by the following cha- 
racters, thus: 

4. The sign + plus, or more^ indicates addition, as 
a+d,' signifies that b is added to a. 

^5. The symbol-— 7nmti«, or /e^^, indicates subtraction; 
thus, flh— ^, signifies that b is subtracted from a. 

The characters + and — are called, by way of emi- 
nence, the signs of the quantities to which they are pre- 
fixed. 

6. Multiplication is denoted by the sign x^intOj placed 
between the factors, as ax6/ or by a period, as ciJ); or, more 
frequently, by joining tlie letters, like letters in a word, 
as ab; each of which expressions denotes the product of 
a and b. 

7. Division is indicated by the sign -«- by, placed be- 
tween the terms; or by writmg the dividend above, and 

the divisor below a horizontal line; thus a-5-ft, or-r^ de- 
notes the quotient of a when divided by &• 
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14 DEFINITIONS. 

8. The difference of two (juantities, when it is un- 
known which is the greater, is indicated by the sign ^^ 
placed between them ; thus, a^6, or h^a, denotes the dif- 
ference of a and h. 

9. : :: : indicate proportion; thus, a : b t : c i d, may 
be read, a has to b the same ratio that c has to d. •> 

10. SB equal to, signifies that the quantities between 
which it is placed, are equal tQ each other; thus, b+c 
=sa — d+e, is a combination, called an equation, which 
signifies, that when the operations indicated by the signs 
are performed on the quantities placed on each side of 
the sign of equality, the results are equal to each other. 

11. A simple quantity is that whicl^onsists of one 
term only, viz. a quantity denoted by a single letter, or 
several letters and figures, connected by the sign of mul- 
tiplication or division, expressed or understood,^ as a, abc, 

5cd; -r. 
a 

12. A compound quantity consists of two or more sim- 
ple quantities connected by the signs of addition or sub- 
traction, as a — 6, ab — ac+bd. 

13. A root is a number or quantity, from which aqpow- 
er is conceived to arise. 

14. A power of a number or root, is the product of a 
unit, multiplied continually by the given root, any pro- 
posed number of times ; and the figure or quantity which 
indicates the number of multiplications thus made, is cal- 
led the index or exponent; thus, 1x5x5x5x5=625; 
and, iXaxaXcfXaXd, or aaaaa, are the 4th and .5th 
powers of 5 and a respectively, and are usually expressed 
by the root with the index of the -power set over it; as 
5*, a*; hence, a'' =1, whatever value may be assigned 
to a. 

15. The second power is called the square; the third 
power, the cube; the fourth power, the btquadrate, &c. of 
their respective roots. 

* An absolute number, though containing numerous digits, b 
considered as a simple quantity. 
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16. The radical sign* v', prefixed to a quantity, in- 
dicates the square root ; ^, the cube root ; ^, the fourth 
root, &c. Roots are also expressed bj fractional expon- 
ents; thus, v/a or ^», denotes the square root of a ; -^a, 

1 2 

or a^, the cube root of a ; and -^a®, or a*, the cube root 
o#the square of a. 

17. A root which cannot be accurately expressed in 
numbers, is called a surd, or irratianal quantity^ as \/5, 

18. A quantity which has no radical sign, or which 
having a radical sign, admits of an accurate extraction of 
the root indicated by the sign, is called rational^ thus a, 
v/16j ^6*, are rational quantities. 

19. When a compound quantity has a line drawn over 
it, or is enclosed in brackets, the operation indicated by 
a precemng or subsequent sign, is to be perfo rmed on the 

whole considered as a simple quantity ; thus, a-f 6 — cxd, 
and {b+c)x(d — e), signify that the compound quantities 
connected by the sign X, are multiplied together; and 

x/a6+rfc, ^{ab — cd+ef,} signify the square root, and 
the cube root respectively or the compound quantities, 
which are preceded by the radical signs. 

20. A number prefixed to a letter, or combination of 
letters, is called the co-effident: thus, in the expression 
3a6, 5 is the co-efficient 

21. A compound quantity, consisting of two terms, is 
called a binomialy&s a+b ; one df three terms, a trinomi- 
al, as ab+ac+de. 

22. ^Like quantities are those which consist of the same 
letters similarly involved ; as ab. Sab, Sab, 

23. Unlike quantities consist of different letters, or 
different powers of the same letters, as a, ab, Sa^,Aab^. 

In the solution of problems, it is usual to denote known 
or given quantities, by the initial letters, a, b, c, &c., and 
unknown ones, by the final letters, v, x, y, &c. 

* So called from radix, a root. 
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The following exan^ka are given for the purpose of ex- 
erciaing the student %n the application of the olgAraic 
eigne. 

Required the numerical values of the following com- 
binationSf supposing a^7, 6=6» css5, dssS, ess2. 

ii8+4^c— 3rfc=a343+ 1«0— 18=445. -: 

(a6+cd)x(3*c+4a(Q«{42 +I5)x(90+g4)= 57x174 
»9918. 

a^b+cd^SbessS03. 

(ac8+26cOx5ac=159425. 

-ill_«:4 ^/o«+ft»+arf=20 

6a+c?c» 

a»6 -4-1 Serf' • 

^ ""^ «47.662538 



2a»— 3rfe 
5arfs — 2acc» 



'^SivTT. 



76+3d -*^7T 
•^4^+7¥+5Sbe^ 1 3 



Segtion L 

ADDITION. 

Case 1. 

24. TVhen the quantities are like, and have like signs. 

Add all the co-efficients together^ and to their sum 
annex the given literal expression, prefixing the common 
sign.* 

* The sigfn -4- or — , is ireqaently prefixed to quantities 
which are not preceded by others, to or from which, they are 
required to be added or subtracted: a preceding^ quantity, bow- 
ever, may always be supposed. Algebraic quantities are said to 
be positive or negative, according as they are preceded by the 
sign + or — \ the former being always understood, where none 
is expressed. 







ADDITION. 






EXAMPLES. 


3d 


Qbe 


2a«6 


— Sxy^ 


5a 


Sbe 


Sa^b 


-^ ajj/» 


7a 


be 


4a^b 


— 4xy^ 


4a 


Sbe 


a^b 


— 7xy^ 


6a 


Sbe 


5a»b 


~ 9ajy» 


a 


36e 


a^b 


—nxy» 



26a 



i7 



2a— .36 
00—66 
7ar^5b 
8a— 46 
9a — 46 
15»— 6 



5a?»j/— 76c + a6 
Sajsy— 66c +4a6 
5ip8y — 35c 4" cib 
7x^y^ |6c+4a6 
8a?»y— 2i6c4-3a6 
SajSy— 76c +6a6 
4a58y — 36c +2a6 

53fiy--^bc +Sab 



6a;yf — 7ac 
Sxy\ — 3oc 
4a;yf— 5ac 
3a:yf— 2ac 
•Sajyf — ae 
Sajyf— T'ac 
Sacyf — 2ac 
4xy^ — 13ac 



4a68+3a«c— 6c8 
5a6»+4a«c— 6c8 
3a6«+5a«(>— 26c8 
8a6»+5a'c— 86c« 
4a6?+3a«c— 76c» 
a68+6a*c— S6c' 
5db^+5a^c — 46c^ 
2a6?+ a^c^Sbc^ 



Case 2. 

25. When the quarUities are like^ but have unlike signs. 

Take the difference between tbe sum of the positive 
and the sum of the negative co-efficients^ prefix the sign 
of the greater, and annex the literal part. 



4a6»— 3cd« 
2a6«+6cd* 

— 5a6»+4cd* 
ab'^7a^ 

— 3a6a+5crf« 
6a6«^— cd^ 



examples* 

— $a?»y3 

5x^^ 
7x^^ 

9a?3,y3 



5a^b^7xY 
— 3a36+4a?«y* 

4a^6+2a?«y* 
— 8a36+ flKT^y* 

7o«6— 3iP»y» 
— a36+5a?»y* 



5a6»+4cda — Sa?'^- 



B2 
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ADPITION* 



—3ab^+2c^d^ 
Sab^^5c»d' 



—Way 

— 7^/ay 

^s/ay 

5s/ay 

—^y/ay . 

Case 3. 



20aa?— 7hy/xy 

— 31aaj+ 5by/xy 

27ax — 6b^xy 

ISooJ— 5hs/xy 

— ^ax+\^h^xy 

— SQax+l\hy/xy 



26. When there are unKke quantitiea^ and different signs* 

Collect the like qo.antities as in the foregoing cases, 
and connect the results by their proper signs. 



4aa;— 130 + Sx^ 
5x^+Sax + 9a?* 

7ay— 4ic» + 90 , 
6a:* — 5^x+ Sxy 
40 — 5ax -*10ay 



EXAMPLES. 

Tax 
—5xy . 

*^^ax 




Sa^^rbe +5ad 
2xy — 7ad-^5a^ 

gad-^6xy'^Sbc 
46c+3arf— xy 



Qax+^Ox^ — 6a?» 4aar— 3a»y— S«& 



5x>y-. 7ax-^Sbc 
9bc + 3a?^+4aa? 
30* — She +7ad^ 
9he + 3<wf«— 6aa? 

x*y— She +4aaf 
8arf»— 3aa; — 4x^y 

ax — ISorf^— 36c. 



14aaj — Sar* 
5ax+ Sxy 
8y*— 4aa; 
Sa:*+26 
4a?y— 5y* 
5x^ — Sax 

7y2— 26 



A 



x^y^+4ad^ ^7b*e* 
5b^c^—7ad^ +2ac* 
3ac* +66*c* +5a?3y 
8arf3 Sae"^ — 66*c* 
fi(a?«y*+ ad^ — 6*c» 
S6S/J2 — 5a?3y*-r-2ac* 
6a:«y*+2ac* — 6ao?* 



■^-X" 



SUBTRACTION. 
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1. Add $4t+b, 7«— ^fr, Tlh^Sa, 4£H>26» and to^56 
together. x Result, 19(»— 46. 

2, Add 5ax+7b^^Sa\ 86€+4a»-- 2«c, Ho*— 46c'— 
Sax and g aa > " 3t c+6a^ into one sum. 

Result, 6bc+ 1 8a*-^<ur. 

5. Add together the following quantities, 7abc+5a^d 
— 3a:y», ^'^+5xjf'^-''-Sab€,9bc^+Sxy*+Ba% 46c^— 3a6c 
— a»4 and «^<^10a?y^— oftc— rfrc». 

Result.ll0a»rf+6&c». 



SUBTRACTION. 

27. Change the si^nd of the quantities which are to be 
subtracted, or conceive them to be changed, then collect 
the terms a» in addition. 



&KAMPLB8. 



From Sdiy — 3+ 6s>^ y Sat^^^SUi 5a6«-*r6*c+ ad 
Take 3a;y— 7— Sx+oy o^-^rah • 3a6*--2&ae— 4arf 

5a:y+4+ 12a?— 6y^ 



From I7a6 — 3a:y+56 
Take lla6+4ay+76 



ScMC— 56c 
7ax^— 76c 



9aey— 46c. 
2acy+76c 



From 7ar^^— 2av^a>— 18+56c 
Take Sa?^*— 7av'a>— 9r-36c 



4£M^— 7a?y+36e 
5(ic^ y»2f+56c 



1. From a+6 take <»— 6. Result 26. 

2. From 8a— 12st take 5a+3a7* Result d«H-15a;. 



20 MULTIPLICATION. 

5. From 12a+106+13aa? — 3a*, take 7ar^5b+Sax. 

Result Sa+lSb+lOax-^Sab. 

4. From the sum of Sah — Taoe and 7a6+3ar, take 
4db'^Sax — toy. Result 6ah—^ax+4ay. 

5. From 5a?»— 4a?y+5, subtract 4ar«— 4a?y4-9. 

Result ar3 — 4. 

6. From 00?^ — &a?«+ar subtract jjx' — cxf*+ex. 

Result, (a-^)ar» +(c— 6)a?«+ (1— e)a-. 

7. From to? +ca7»—dar+« take 1)0?^— ^a?*+**^ — ». 

Result, Q}—p)x^+{c+q)x^—{d+r)X'-{'e+B. 



MULTIPLICATION. 



Case 1. 



28. When the factors ate both eitnpie quatUiiUa* 

Multiply the co«efficients together, and annex all the 
letters to the product* 

Note* — When the signa of the factors are like, the pro • 
duct must be made positive; when unlike, negative. 

Examples. 

lOab 20^3 src^h 5ad 

5aH — 6a^ 3a6«c 3a«6«c 

SOa^hc — 12a?3y* 



* From. Def. 14, it is obyious, that the product of two or more 
powers of any letter, may be expressed by that letter with an in- 
dex equal to the indices of the lactors ; thus, a3a>sBsaaa.aaisa«. 
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— OCX* Sxyz 5a^c '^^Aad* 5a?*y» 



Case 2. 

£9. Whm one of ihefaciora tj a compound quoafitUy. 

Multiply the«imple fector into each term of the com- 
pound one, and cqnneet tl^ products by their proper 
signs. 

EXAMPLES. 

a* 3aa? —46* 



«♦— 2a35-|-a»6» 



5c:r — 2A«c 5aa? 



Case 3. 

30. fFAen both factors are compound quaarUiiita. 

Multiply the whole multiplicand^ by every term of the 
multiplier, and collect the several products as in addi- 
tion. 

examples. 

a+h a^j^ab^h* 

a+h a» — ah+h^ 



ab+h* ^a^b—a^b»—€A^ 



a«+2aft+** 



u* . 4-a*ft« +6* 



32 MULTIPLICATION, 

a— 6 ^ '—y ^"-y 



2ar»+3a7y— 4y* Qab — Sac+4bc x^ — ^+y* 
Sx "^Sy aft+ ac— 6c - a:— y 






1. Multiply 5a»+46» by 5a»— 4&». 

Result, £5tf*— 16^ 

2. Multiply a?3+3a?^y+Sa?y»+y» by a?3+2ary+ys 

Result, x^+Sx^y+lOx^y^+lQx^y^+Sxy^+y^ 

3. Multiply 3a?»+2a?y+5j^* by x^^^ocy+yK 

Result, sir* — a?«y+6a?»y» — ^ocy^+5y*. 

4. Multiply 5a?"4.iai?y+5y3 by 5a?» — lOay+Sy^. 

Result, 25a?*— 50a?«y2+25y*. 

5. Multiply a8+3a«6+3a&«+68 by a^— 3a«6+3a6^— fc^. 

Result, a«— 3a*6»+3o364..|,6, 

6. Multiply a^-^ck-it^ — he by a^+oft — 6»+&c. 

Result, ««^a«6»+2a58+268c_ft3c2— fr*. 

7. Multiply a?*— a?»y+a?**y* — ojy^+y* by x^-^-xy-^-y 

Result, ar8+a:*y3--^8y3^ar«2/*+y 

8. Multiply x-^y by a? — y, and the product by a?»+y2. 

Result, or* — ^y*. 

9. Find the continued product of a* — 2a64-6», a*+ 
2fl*+6^ a8+a8ft+afr»+&« and a— &. 

Result, a»— 2a«ft»+2a3&»— 6». 

10. Find the continued product of 3ar+6, 3ar-|-2, 
3a?— 2 and 3a?— 6. Result, 81a;*— 360a?«+ 144. 



6 



DIVISION. ' %S 

DIVISION. 

Case 1.* 

51. When the divisor and dividend are both simple 

^antities* 

Divide the co-efficient of the dividend by that of the 
diviBor; expunge from the dividend such letters as are 
common to it and the divisor when they have the same 
exponents; when the exponents are not the same, siib- 
tract the exponent of the aivisor from that of the dividend, 
and use the remainder as the index of the letter in the 
quotient | write in the quotient the letters which have 
not been expunged, with the co-efficient above deter- 
mined. 

Note. — In division, as in multiplication, like si^ns in 
the divisor and dividend require tne positive sign in the 
quotient ; unlike signs, the negative. * 

EXAMPLES. 

Sab)9c^bcd — 5oo''y^)15x*y^z^ 2ad)6a«rf«c 
Sacd — Sm^z* 



17ab^)51a»b^ Sa^c)12a*be^ 7a^b)—21a^bc' 



— Saopz) — ISa^ay^z^ ISabc^ ) — 45a«6 ^ ^4 



• If the student, who is just entering into this science, should 
express the powers by repetitions ©f the letters, the process will 
be more simple, and the grounds of the method indicated by the 
rule, be rendered obvious. 



1H IMYIBIOV. 

« 

32. PHien the dividend is not a mult^le of the divisor. 

Set them down as a vulsar fraction^ the divisor being 
the denominator; and diyide the. terms by such numbers 
and quahtities as are common to both; the result will be 
the fractional answer. 

ISaHe Sae 18aa!iy» _ ~9y 

^ lOab* **S6 ~8«a?«y ^ 

, Divide £8a;y8 by r«^j«. Result,^ 

■ Divide— Ipa&c by 15aM Result, ^^ 

Divide lltnn by 22m» Result. 

Divide 19a?^ by ^sc^yz* Result, ^^ 



25xx 



Case 2. 

When the dividend is a compound quantity ^ and the di- 
visor a simple one. 

Divide every term of the dividend by the divisor, as in 
the former case, and connect the results by their proper* 
signs. 

EXAMPLES. 

18aa?a— 15c<«t/+27a3 



3a 



.ss6a7*— -5(ij^+9a' 



1. Divide ISaxy^ — SOba^+lOx^y^ by 5xy. " 

3. Divide S0a*c--l5a&>+l%ac by 3ac. 

4. Divide \5a^e — \5acx^+5ad^ by — Sac. 

5. Divide 21a»x^ — 7a^x^ — 14ax by Tax. 

6. Divide 7M^b^y^—lQa^by+S6ailfiy by ^aby. 

7. Divide S,Soii^y^+S5x^y^—7a^y*z by 7a?»y». 
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Cabe 3. 



3d. When the divisar and dividend are confound 

quaa/UiHes., 
Arrange the terms, both of the divisor and dividend, 
in ^uch manner, that the hi^er powers of some one let- 
ter shall always precede the lower; then find the first 
term of the quotient, by using the first of the divisor and 
dividend, as in the first case* Multiply the whole divi- 
sor by the quotient thus found; suDtraet'the product 
from the dividend, as in common arithmetic; and pro- 
ceed till the dividend is- exhausted. The remainder, if 
any thing remain, with the divisor for a denonunator, 
must be annexed, with its proper sign, to the quo- 
tient. 

EXAMPLES. 

a+b)a^+Sa^b+Sab»+h^{a^+2ab+b» , 
a^+'a'b 

• 2a^+Sab^ 









— Il&< 
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Divide a?V-4a!?^+6a?^^^— 4a^>+y* by a?— y. 

Result, a?*— Sar'y+Saiy^— y«. 

Divide a»— 6^ by a—*. Result, a+6. 

Divide a^+b^ by a+6. Result, c^^—ab+b^. 

Divide y' — 3y» — 4y + 12 by y^ — 4. Result, y— 3. 

Divide 6»— 36*a?»+S6«a:^— a!« by 6»— S6«aF+36a?»— «^- 

Result, 6«+36*ic+36a;»+cc»- 

Divide £4a*— 6* by 3a— 66. 

3835^ 
ResuU, 8a«+16a«6+S2a6«+6468+s ^ 

Divide a*+4a36«-^326* by a+25. 

Result, a^—2a^b+Sab^—ieb^. 

Divide a;*+y® by x+y. 

Result, a;5 — x'^y+x^y^ — x^y^+xy* — y^H — -^ 

PROMISCUOUS EXAMPLES. 

1. Required the sum of Sac+Tbe^ Sctc^^be, 7ac — Sbe, 
8ac+46e, and 2ac — Sbe. Ans, QSac+be. 

2. Collect Sax+5xy — 7z^, Sxy — 2ax+4z'^, 7ax+Sz^ 
— ajy, and 5z^ — 4ax+2ocy, into one sum; and subtract 
therefrom the sum of the following quantities, Sax-^Socy 
+4z^, 7xy'^5(Z0D^^6z^y and Sax^^Qony+Sz^ 

Result, ax+9xy+zK 

3. Required the product of x^+x^/+xy^+y^ by av-^. 

Ans. oc*^ — y*. 

4. What is the sum of the products of a^+Sx^y+Sxy^ 
' +y3 by x^y, and a^— 2a?y+ya by a?»— 2a;y+ya ?. 

Ans. 2a?*+ 12a?^3+2y*. 

5. Dividejr*— y* by a>— y, and from the quotient sub- 
tract the product of a;*+y^ by 7? — ay. 

Result, 2a?8y+2ay3+y*. 
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6. Multiply Sa^—9a^b+9ab^^Sb^ by a^+^ab+b^, and ' 
a^+SaHf+Sab^+b^ by SC— 6a6+S6», and find the sum 

of the products, Result, 6a^—12a^b^+6ab\ 

* 

7. If a*^— 6* be divided by a — &, and the product of 
a^+ab+b^ by a — 6, subtracted from the quotient, what 
will the remainder be ? Ans. a^b-^ab^+Qb^. 

8. Divide ar8+8a?''y+28ic«y»+56a?*y8+70a?*y*+56a:'^j/5 ^ 
28a^y«+8ay7+y9 bjx^+2xy+y^; and multiply a^—4ar»2/ 
-f^^^'y'^— 4ay»+y* by x^—2oy+y^y and find the sum 
and difference of the results. 

Result, ^ ^^"*' 2x«+30a?*y3+30a?2y*+%6. 
c Difference, 12x'y+40x^y^+12xy^.. 



Section II. 

INVOLUTION, X)R THE RAISING OF POWERS. 

34. To involve a given quantity to any power :^ 
Multipl;r ih^ quantity by itself as many times as there 
are units m the index of the given power diminished bv 



one. 



£XAMPt£S. 

Required the 5th power of ««6«c. 
Required the 4th power of 26-^, 



f c JnYJl ^.« 9«*n^ty to be involved is a simple one, multiply 
Its index, or indices by that of the power proposed, observing 
i..at the even ijowers of negative quantities are positive, und the 
<>ad ones negative. 
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26 



~26c +c» 
£6 



868_ 86«c+ 26c» 
— 46«c+ 46c» — c» 



8&^— 126»c+ 66e« 
26 



1 66*^— 2468c + 1 26«c^^—26c» 
— 86«c+126«c«^— 66CN-C* 

l6i*N-.3268c+246»<*— 86c»+c* 



i4 



t 
'V* 



Find the Sd power of 5a^. 
Required the 5th power of —2a. 
Required the 4th power of a+x. 
Required the square of 3a-— 26. 
Required the 6th power of 5a+b. 
Required the 3d power of a+26+c. 

35. A binomial is raised to any power, with great 
facility^ bj the following method. 

Set down^ for the first term of the power, the first term 
of the root involved to the ^ven power. 

The succeeding terms* without the co-efficieDts» con- 
sist of tiie successive powers of the first term of the root, 
regularly descending, joined to the powers of the se- 
cond, regularlv ascending from the nrst; the common 
diiTerence of the indices being one. 

The co-efficient of tiie second term is the index of the 
g^ven power; and if a co-efficient, already found, be mul- 
tiplied by the exponent of the leading quantity* or first 
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term of the root, contained in the same term of the power, 
and divided by the number of terms to that place ; the 
quotient will be the co-efficient belonging to the next 
term.* 

Note4 — ^To determine the signs of the different terms, 
it must be remembered that the even powers of negative 
quantities are positive, and the odd powers negative. 

EXAMPLES. 

Required the 5th power of a+x. 

a' 0*0? a^x^ a^tjfi ax* x^ 

The co-efficients 1, 5, ^=10, ^—=10, &c. 

Hence, o+P ^a^ + 5a* x+ 1 Oa^ar^ + IQa^s^ + Sax* 4- x^. 
Required the 6th power of 2a>— 3y. 

(Qx)^ {2xy.Sy {2x)*.{SyY (2xY.{SyY (2;i?)^(3y)* 

2x.{Syy (3y)« 

Or, 64x^ V6x^ 144x*y2 2l6a*y3 3242r2y* 4S6xy^ 7&9y^ 

The co-efficients 1, 6, ^^15, i^«:20, 15, 6, 1. , 

Hence,{Qx—QyY=:e4x»—576x^y+^l6Ox*y^—4S20X^yl 
-f4860af«y<— 2916ay*-fr29y». 

2. Required the 3d power of a+y. 

Ans. a«-f3a«y+3fl^'+y». 

3. Required the 4th power of »— ft. 

Ans. a!^ — 4a«ft-f6a»ft«— 4a6»+ft*. , 



* The co-efficients of any two tennsy equally distant, the one 
from the bei^nniiir, aQd the other fh>m the end^ are aHke ; hence, 
the computation of the first half of them wiQ supply the whole. 

C £ 
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4. Required the Ttk power of x+y* 

Result, aj7+7«*y+21ajy+S5ar«j«+, &c. 

5* Required the 8th power of ck- ^« 

Result, a«—8«'c+28a«c'*—56«*c«+70«*c», &c. 

6. Required the 4th power of £+a?* 

Result, 16+32a?+24ar»+8a;5+a?*. 

7. Required the Sd power of a— ^6. 

. Result, a»—9ii»5+27«6^—276^ 

This metlMH) of involution is easily extended to tri- 
nomials, quadrinomials, &c. by considering two or more 
of the terms as a single compound one. 

8. Required the 4th power of a+b-^c. 

Here considering 6— c as the second term of the bi- 
nomial, we have (a+ft— c)*«a*+4o'f&— <)+6a*(6— c)^ 
+4a(6— c)«+(6 — c)*; and involving b — c, to the powers 
indicated, by the same method, we have (6— c)^as:6»— 
S6c+c»5(fr— c)»»6»— -36»c+36c^— c^*; (6^— c)*«6*^— 46'c 
4-66»c^— 4ftc"+c*; consequently, (a+6— c)*a=a*+4a'6 
— 4^c+6ii»6»— lfitf»6c+6a»c*+4fl6^— 12a6»c +12a6c«— 
4ac»+i^v-46»c+66?c«^— 46c»+c*, 

9. Required the Sd power of a?+y-j-2r. 

Result, x^+Sx^y+Sxy^+y^+Sx^z+^xyz-^ 

Sy^z+Sxz^+Syz^+z\ 

10. Required the 2d power of a+ J— (>—(/• 

Result, fifi+2ab+b^—2ac^Sbc+c^—2ad — 

26(^+2crf+d^ 

11. Required the 4th power of x+y^^^-Sz. 

Result, x*+4os^y+6ix^y^+4xy^+y*-^12x^z — 

36a?^2r— -seary'ar— 12y'ar+54a?>«»+ lO^xyz* 
+54y«««— 108a:««— l08y;z«+81a:*. 






EVOLUTION. 31 

12. Required the 5th power of a+b+e. 

Result, a^+Sa'b+lQa^b^+lOa^b^+Sab^+b^ 
4*5a:*c+2Oa^bc+S0a^b^e+20abH+5b*c+ 
10a«c»+30a»6c«+30a6V+106»c»+10a*e« 
+20a6c'+105»c«+5ac*+56c*+c*. 



EVOLUTION, OB THE EXTRACTION OF 

, ROOTS. 

Case 1. 

I 36. To extract the root cf a simple quantity. 

Extract the root of the co-efficient, for the numeral 
part I and divide the index or indices of the literal part, 
for the exponents of the root.* 

When the root cannot be extracted, it must be indi- 
cated, as in definition 16. 

EXAMPLES* 

1. Required the 4th root of 256«*««. 

4/256= +.4, the co-efficient j d^x^^ax\ the literal part. 
Hence, the root required is 4aa?», or — 4aa:«. 

2. "What is the 5th root of — 5a«6io p 

The 5th jcot of 5 is a surd, and must be indicated 
thus : -{/5 or 5"^. 

Hence, the root required is — S'^a'ft* or --^''b^'^S. 



• The odd roots have the same signs as their powexsj but the 
even roots of positive quantities may be either positive or nega- 
tive. The even roots of negative quantities are impossible. These 
impossible or imaginary roots, freqtfentJy become tiie subject of 
important investigations, as wiH appear m the sequel of this work. 
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3. Required the square root of I6a^b^. 

Result, ±4a5«. 

4. What is the square root of 625a?*y^ ? 

Ans. +25oi^y*. 

5. Required the cube root of — ISSa'^ft'. 

Result, —Sa^b. 

6. What is the 5th root of — SSa^ofi^c" P 

Ans.— 2a^bcK^ 

7. What is the 3d root of Tsc^y^ ? Ans. x^7y\ 

8. What is the 4th root of 81a*6« ? 

Ans. +3av^6S or l:Sa6v^6. 

9. Required the 5th root of — MSd^¥. 

Result, — Sabyb. 

Case S. 

37. To extract the square root of a compound qucaUiiy. 

Arrange the terms according to the dimensions of some 
letter, beginning with the highest 

Take the square root of the first term for the first term 
of the root, and subtract its square from the siven quan- 
tity ^ Double the root thus (ofind, for a detective divi- 
sor, divide the first term of the above remainder by this 
defective divisor, and annex the result both to the root 
and to the divisor. 

Multiply the divisor thus completed by the term of the 
root last obtained, and subtract the product from the 
former remainder. 

Divide the first term of the remainder as before, for the 
next term of the root ; add this last and the preceding 
term of the root, to the last complete divisor for a new 
divisor. Multiply, subtract, and proceed as before. 

Note^-^ln these additions, regard must always be paid 
to the signs of the quantities* 
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BXAMPLKS. 

4a+Sb \12a6+9fr' 
S6-^5c/12a6+96» 



4a+6b+5c /— 2(kwJ-rS06c+25c^ 

V— 20ac— S06c+ 25c2 

2. Required tlrt square root of a?»+2a5y+y«. 

Result, x+y. 

3. Required the square root pf a^+4(i^+6{«»+4a+l- 

. Result, a«+2a+l. 

4. Required the square root of a:<— 4fla*+6fl»a!?«^— 4a»a: 
-fa*. Result, a^— 2ap+a?*- 

5. What is the square root of 16a:*+24x8+89ii*+60a? 
+100? Ans, 4«a+3a!:+10. 

6. What is the square root of 4a!^'^l2a^x+5a^3c^+ 

7. What is the 4th root of a*+12a»6+54««6*+108a68 
+81&*?* Ans.a+36. 

8. What is the 4th root of a«— 4a86«+6a*6*— 4a»6» 
4-68 ? . Ans. a«-^«. 

Case 3. 

38. To extract any root of a compound auantiiy. 

Arrange thjs terms as before directed ; take the root of 
the first term for the first term of the root, and subtract its 
power from the ^ven quantity. 

Take for a divisor, twice this root, three times its 
square, four times its third power, five times its fourth 
power, &c., according as the 2d, 3d, 4th, 5th, &c. roots 
are required to be extracted ; divide the first term of the 
remainder, and annex the result to the root before found, 

* The 44li, '8Ui, 16th, &e.' roots, may be obtained by 2, 3, 4, 
&c. extractioiis of the square root. 
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I 

Involve the wholeroot, thus obtained, to the given pow^ 
er, and subtract from the (dven quantity. 

Divide the first term oT the last remainder by the 
former divisor, annex the result to the root, and proceed 
as before. 
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3. Required the Sd root of 2ra:'—542;'y+S6^<~8y'. 

Ans, 3ir — Sty. 

3. WhatistheSdrootofa?*— &c«+15a?<^20««+15x» 

+6a?+l? Ans.»«— 2a?+l. 

4. Required the 5th root of S2ar*— 80»*+80a:'— 40a?* 
+ 10a>— 1. Result, 2a>— 1. 

5. Required the 4th root of 16a«^96a<>x+S16a>a;^— 
£16ac»-{-81a:* Ans. 2a — 3x. 

6. Find the 5th root of ar*'>+10a5»+35a:»+40x7— 30a?« 
— 68aj^+30aj*+40a:8— S5aj»+I0a>-1. 

Result, a:* +20?— 1. 

39. Note. — The root9 of compound quantities maj 
sometimes be obtained, with great facility*, bj a method of 
trial. To effect which, it may be observed, that the pow- 
er of a binomial consists of as*manj terms as there are 
.units in the exponent, increased by one. Hence, if the 
number of terms of a quantity, whose root is to be ex- 
tracted, exceeds this sum, we may conclude, that the 
root consists o(-more terms than two. 

When the root is judged to bei a binomial, take the 
roots of the extreme terms, and connect the results by 
the sign + or — | but when the root appears to contain 
liiore terms than two, take also the roots of one or more 
of the other given terms, and connect the roots thus ob* 
tained, by the signs + or — ^, as may be judged proper. 

Involve this supposed root to the given power, and if 
the result agrees with the quantity given, the root is ma- 
nifestly correct. 

This expedient, however, is not likely to abridge the 
labour of a student in the early periods of his course. 



Section III. 

ALGEBRAIC FRACTIONS. 

40. Algebraic fractions depend upon the same princi- 
ples as those in common arithmetic, and are man^l^d by 
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I 

similar rale8« proper r^rd being- paid to the ugns and 
algebraic modes or operation. 

EXAMPLES. 

1. Required the greatest common dinsor of irS-^'ar, 
and a^+^x+b*.* 



Sbx+9b^ 

x^+bx 



Hence» x+b is the divisor required. 

2, Required to reduce CLoa^I^^ ^l ^^ ^^ lowest 
terms. 
First to find a common divisor. 

3a3— 2(>-.l) 4a»— 2a*^-. Sa+ 1 
S 



12a«— 6a«— 9a+ 3(4a 
12a3— 8il%— 4a 



2a^^— 5a+ S 
3 

ea^u-isa^ 9(2 
6a^^ 4a— 2 

— lla+11 



* In examples of this kindy we are frequently obliged to adopt 
expedients which are not usual in common arithmetic. When 
every term of the divisor has a ftctor, which does not contain a 
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Com. div. a— l/3a*— 3a 



a— 1 



a+1 



3a»-2a-l 3a+l ^^^^^ 



4a*— 2a'^— 3a+l 4a»+2a— 1 

3. Reduce-- — rr- to its lowest termg. Result, -rm 

x"— 1 «+l 

4. Reduce -, — to its lowest terms. Result. 

a^y+y y 

•5a^+10a*6 +5a'&* 

5. Reduce ,, T ^ o^., T^ »^. . r. to its lowest terms. 

a»6+ 2a«6»+2a6»+6* 

6. Reduce--: — r: — ; to its lowest terms. 

Result, ^^ 

6a' "^ ToX'^^Soi^ 

7. Reduce ^ , ; ,. nr-Ao its lowest terms. 

6a«+liaa?-|-3ap* 

Resultj -T — ; — 
3a+a? 

1 SX!^^^ 3?*i I mX i I 3 

8. Reduce ^ - . ^ , . , to its lowest terms. 

« u 5a: +3 
Result, ^ , , ^ , 1 



letter or number common to every term of the dividend, we di- 
vide by it, and use the resulting quotient as a divisor. When 
the 4iv^r has been thus reduced, it often happens, that the di- 
vision is stiU impracticable ; in which case, we multiply the divi- 
dend by such a number as will mi^e its first term a xn^tiple of 
tlus Hrst of the divisor. 

D 
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, 9. Reduce gg* 3J 4^^ *<^ ^*«!^ equivalent fractions, 

having a common denominator.* 

6g»<l %abc 9bdx 

10. lUdttce — ^t — . and rr to a common denominator. 
* 4a* 3a «a , . 

^ • - 9& 8ac 6ad 

Result, Y5^ j^ ^^, 

^ , 1 3a« . Sa«+6» ^ , 

11. Reduce s» -r^* *«*d — ~g-, to a common denomi- 
nator. „ 4a4-46 9a»+9a'6 24aM-12^ 

, ' ®'*'^' I2S+I2S* 12a+126* 12a +126 

31 2^ a^-4~2x 
* 12* Reduce — i — • — -- — , to a common denominator. 

40 3 a ' 

93a 80aag 120a«+240a: 
^^""' lio? 120^' 1205 

^ IS. Reduce a — ^, to an improper fraction.^ 



^ 1 3a*— 2a? 

Result, — r 

3a 



" 14. Reduce lOH — - — to an improper fraction. 

Result, —f— 
Sx 

15. Required an improper fraction equivalent to 
t . n *— 5 r» 1^ 14a?«+6a!+5 



* The fefiwr common denominator should always be found in 
ttcamples of this kind. — See Gate 2, Bed, of Vutg€^ FracHoiUf in 
nnfTreatiteonAnt/imetic. ^ 



^—"^^mm 
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16. Whatjs the e4uivalent improper fraction to 

r Ana. 

a ' a 

» 17. Reduce — H to a whole or mixed quantity. 

Result, 3ar4 



18. Reduce r— to a whole or mixed quantilj. 

Result, £a+25H r 

a— o 

^A « J 27a»— 36»— 4ar+9a» ^ .' , :.. 

19. Reduce ^-^ to a mixed quantity. 

Result, Sa+l— 



9a« 
go. Reduce — ^ to a whole or mixed quan- 

titj. Result, tifi—a^+ ' ' , 

21. Add ~, ^, and g^ together. 

6a« 8a» 106« 1 4 fl« + 10&« ^ 7a' +5&^ 
' 12^+1256"'" 12^ "" 12a^> "" 6ad 

22. Required the sura of a r- and 6-f 



Result, a+b+ 



c 

~Tc — 



23. What is the sum of 2aH — -— , and 4a-J — ? 

5 4 

Ans. oa+ 

^ 20 

24. Add — ^ to — -T. Sum — -■■ . - or 2+ 



a— 6 «+y o«— 6» ^a^— &• 
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25. What is the sum of 2a, and — ; — ? 

Ans. 2a+2+-^5^:;:^. 

26. From —- subtract -=- Remainder, — r 

4 7 28 

27. From — r- take -z--. Rem. r- 

4 S 12 

_rt « 2a— 6 . ^ ; So— 46 

28. From -— — subtract ^, . 

4c * 36 

6a6— 36«— 1 2ac+ 1 66c 



Rem. 



126c 



rt/^ T? A . 2a — 6 - , . ^ 46— 3a 

29. From 4aH — - — subtract 2a— -r — : — - 

3c 5a+c 

10a*— 5a6 — 7ae+ 1 16c 



Rem. 2a + 



15ac+Sc» 



ci'\'OC \ CI x 4a? 

30. Subtract —, r from a+ -r r.Rem.a-j 



a{a^x) a(a-^xy * a^ — ar" 

a 2a? 

31. Required the continued product of -» ^) and 

a? t^a 

— X Ti J ^ 2« — 2ar 

S+5- ^^^^"^*' 9^+9-x 

32. Required the product of 4^» and ^^^. 

* '^ a6+c* a»— 1 

Prod. 



a6+c' 
6» a 



33. Required the continued product of a — r. 

a a+6 

8a; , 76 „ , 216 



r 



mfr^fi^^ ' -' ' -■•■'» Rs* "■ ■- «. 'P" * -1 



»T 
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a^— ^ ©■—ft* 
34. Required the continueiLprodiict of — -j-r- » — •^^;-^» 

and a?H . Prod. 2a» — oa?— 2aft+6a:. 



S5.Dmdeg^bygggj. Quotient. - 

Sr. Divide ^»— — : — by a+ ■ . Quot. -r-; — 

a+x -^ a — a? a*+ax 

38. Divide — -- by-— — r. Quot. 1. 

a+x ^ a^+Qax+x"^ ^ 

39. Divide — ^ by -g^— • Quot. — 

40. Divide -r-r-r bj -5-r-. Quot. ,- ^ 

I 

*^' P'^'''' 8a^aft+2ft' "^^ IS^iT* 

Quot 2a+— 
a 

43. Divide — ;—- by — 



a+a? -^ a^+2aa?+a?* 

Quot; a'*+2a'a:+2aa?«+ar>. 

Quot. ijT'— iaf+1. 

. 45. Required the 4th power of -r — . Result, -— 

D2 
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46. Required the 3d power of --pr* 

6a»6+2ft« 



Result, 1- 



a»+3a*6+3a6«+6» 



47. What is the 4th power of 1—^? , 

. , te . 24«« 32a* , I6a?» 

Ans- 1—-+— J ^+— _ 

a a* or €r 

48. What is the cube root of ■ ,. ? Aus. 



49. Required the square root of 



9a< 



4»V 



Result, + ^^ 



11 3 

50. Requi red the square root of «*— 3ar« + -—a?^ — j x 

1 3 1 

+7Z- Result, a?^ — t^+t 

lo 2 4 

51. What is the 3d root of la?»—lx*+lla?^||a* 
41 1 1 12 1 

52. Required the square root of a* +^* 

Result, a+--_+^~- 



Section IV. 

EQUATIONS. 

41. An equation is an algebraic expression, indicating 
that one quantity, or combination of quantities, is equal 
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to anotiier. The quantity, or combination, which stands 
on either side of the sign of equality, is called a member 
of the equation. 

Thus, aos^+bx^ab+cd, is an equation, of which oar* 
+bx is the first member, and ab+cd the second. 

42. In the application of algebra to the solution of 
problems, the quantities concerned, both those which are 
given, and those which are required, are usually repre- 
sented by symbols, and the conditions of the problem 
translated into the language of algebra. One or more 
equations are thus formed, including unknown as well 
as known quantities. 

43. The number of independent equations required 
for the soiution of a problem, is equal to the number of 
unknown quantities employed. 

44. A simple equation is one which includes only the 
first or single power of the unknown quantity or quan- 
tities, as ctx-^bss-cx — d, 

45r A quadratic equation^ is one which includes the 
square of the unknown quantity. An equation which 
contains no power of the unknown quantity but the 
square, is called a simple qucuircUic, as ax^ssab^ but, when 
the square and simple power of the unknown quantity are 
both includ.ed, it is called an adfected quadralie eqtuOions 
as a?«— ar=:6c 

46. A cubic equation, is one which contains the cube 
of the unknown quantity^ as x^+ax'^+bx^sc. 

AIT* A biquadfolic equation, is one which contains the 
fourth power of the unknown quantity ; as x^+a^X'+t^x 

48. Equations, in general, are said to be of as many 
dimensions as there are units in the index of the high- 
est power of the unknown quantity. 

49. In general, an equation which contains but one 
power of the unknown quantity is called hpure equation; 
thus, x^^b+e, is called a pure quadratic equation; sfi^^b, 
a pure cubic equation^ &c. 
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Great part of the business of algebra consists in de- 
ducing, from ^ven equations, the values of the unknown 
quantities which thej contain. This is effected by making 
correspondent changes in both the members of the equa- 
tion, so as to obtain, eventuallji th^ unknown quantity 
on one side of the sign of equality, and known quanti- 
ties on the other. 



SIMPLE EQUATIONS, 

Containing one unknoum quaniUy. 

To facilitate the solution of equations generally, the 
following principles or modes of operation must be ob- 
seryed. 

Mode 1. 

50. Any quantity may be transposed, that is, remored 
from one member of tiie equation to the other, by chang- 
ing its sign.* 

XXAMPLKS. 

Given 7x+5a^6x+Sh to find x. 

By transposing 5a and 62;, we have ra>--6x«S&^-^(i; 
or a?ss36-^a. 

£. Given 8y — 8sB»7y+5 to find y. Result, ys^S. 

9. Given 15a>—6« 14^4-20, to find x. Result, 2rsa36. 

4. Given 20 — 13ysx=45 — 14y+4, to find y. 

Result, y«i£9. 

5. Given 827+ l^»l^+9a9 — 17, to find x. 

Result, arsair. 



• Hence, if any tenn be contained in both membera of the 
equation with the same sign, it may be taken from both ; and the 
Signs of all the terms, may be changed, withoat destroying the 
equation* 



r 



^^^^^^ 
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6. Given 25a>— *=s:24a?+26 — c, to find x. 

Result, a?a=36— c. 

7. Given 35 — 9xss7b — 8a>— 4J, to find x. 

Result, x=i4d — 46. 

MODB 2. 

51. The co-efficient of an unknown quantity may be 
taken awaj, bj dividing every term of the equation by it. 

EXAMPLES. 

Given ax+bas=sad, to find x. 

By dividing by a, we have x+b^d 5 hence by trans- 
position, ar=a — 6. 

2. Given 5a?=£5, to find x. Result, a?=5. 

3. Given 3ari=:l80, to find x. Result, x^6. 

4. Given 6x+17^44 — 3a?, to find x. Result, x^S. 

5. Given 3aar^ — 4a5=s2aar— -6ac, to find x. 

Result, arsa46— 6c. 

6. Given 3a?«— 10a'sB=8a?+a?S to find or. 

Result, xsti9. 

7. Given 6y»— 8y«=s22y' — 3y», to find y. 

Result, y»3|. 

Mode 3. 

52. An equation may be cleared of fractions by mul- 
tiplying all its terms by any common multiple of the de- 
nominators. 

EXAMPLSa. 

Given ^ — f +T''^T' *^ *°^ ^* 

Multiply by 30, and then we have 15a^— 10ar+6*=»55; 
whence llAr»55, and arss5. 



^v 
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2. Given ^+~.=£ +7, to find x. Result, x=lZ. 

3. Given ^+6x-??±=f , to find r. 

Result, ;r3»9. 

4. Givcna?+— ^«:__, to find 0?. Result, ar=r5. 

5. Given 3a7+?^^«5+ll^^, to find x. 

Result, JcsBsT, 

Mode 4. 
53. When the unknown quantity is under a radical 
sign, such sign may be taken away, by first transposing 
the terms, so as to leave the radical quantity alone on 
one side of the equation, and then involving each mem- 
ber of the equation to the proper power. 

EXAMPLES. 

Given v^jp+iOaslO — v^o?, to find or. 
Squaring both sides, a?+40=sl00— SOv'^+a:. 
By transpositions* 20^a*s60, or v^araaS. 
Squaring both members, ar»9. 

2. Given >/a?+l— 2«»3, to find x. Result, ar«24. 



S. Given ^3a?+4+3=6, to find x. Result, x«r|. 



4. Given v/^^^l6=»8 — i/a?, to find x. 

Hesult, Xsss25. 

5. Given x/4a+x^2^b+x—^x, to find x. 

6»— 2a6+fl« 



Result, Xi 



Qa^-^ 



6. Given •4a«+a7«— ^'46*+a?*, to find x. 

Result. x^V^*'^^^^ 

2a' 



•»*■ 
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7. Given x+a+s/Zax+x^asb, to find x. 

Result, OTss. -—J — 

So 

MoBit 5. 

54. When the member of an equation, which contains 
the unknown quantity, is a complete square, cube, &c. 
>the equation may be reduced bj extracting the square 
Vooty cube root, «c. of both its members. 

SXAKPLKS. 

Given j?*— 6x'+12a>— 8a8sS43, to find x. 
Extracting the cube root, ar^-— 2«s7, or xss9. 
3. Given x*+4x-\-ji^^l, to find x. Result, ars7. 

1 81 ' 

3. Given x*+x+ -r«=-T , to find a?. Result, xss4. 

4 4 

4. Given x^+Sax^+Sa*x+a^»sb\ to find x. 

Result, a7s6—<i. 

5. Given 9ars+17««98, to find x. Result, a;aS. 

6^ Given ar*^— 4a?»+6a?'— 4ar+laB256, to find x. 

Result, xbs5. 

7. Given 3ar»«=96, to find x. Result, aT«9 

PROMISCUOUS EXAMPLES. 

1. Given -a>— ^o^+'-^^^-i to find x. Result, x^bH 
2 4 5 2 



4a 



2. Given x/a?+ v^2a+a:«= — , to find a?. 

v^2a+a? 

2 
Result, a;a-x0« 

3. Given r-r-r — J-r — ^«s26, to find a:. 

l+2a? 1 — 2x ^ 

Result, a?«=- -v/-^ 
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s 



4. Given a+a?aiv^a»+a?^46«+a7», to find x. 

b* 
^ Result, a?aDB — 



5. Given 2+y/Sx^x/4+5x, to find x. 

Result, aresl^ 

6. Given a— <r«s , to find x. Result, a?s«— 

a — X £ 



r. Given %/a+x+x^ar^x^^ax, to find a?. 

4a» 



Result, 2!sr- 



a»+4 

S. Given ^-f — h .--—■=* to find ic. Result, xss^ — J 
l+a: 1— a? 6 

9. Given — ^ ^i^ZoI"" J' *^ ^''^ ^• 

Result, xssB. 

^^ ^. 4a?+3 . 7x^29 8a?+19 , ^ , 

10. Given -^ +^^-^ 1_, to find a:. 

Results a;s6« 

11. Given ^ : — — :: 7 : 2 to find ar.* 



Result, a;»i3i^. 



15 



12. Given ^5+x+^xss — , to find,ar. 

\/5+a? 

Result^ 0784. 
.13. Given a?*+2a?»+ 1=4225, to find ar. Result, ar=8. 



• If four numbers be proportional, the product of the extremes 
ift equal to that of the means ; hem;e, an anal(^ is readily con- 
verted into an equation. Vide i^rticle 62. 
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14. Oiren «•— 9a?*+»7ap*— 2r«2l9r, to find x. 

Result, a?aB4. 

. 15. OiTen jt'— ir^lSO^dap** to find x. 

Result, »=7. 

* 16. Given o;^— 100i>412~7x", to find x. 

Result, xss4. 



Section V. 
SIMPLE EQUATIONS. 

Qmiaining two vnh/wwn quantiHet, 

RULB 1. 

55. Multiply or divide one or both equations, by such 
numbers or quantities as will make the co-efficients of 
one of the unknown quantities the same in both equa» 
tions. Then, take the sum or difference of these equa- 
tions, accfUrding as the signs of the corresponding terms 
are different, or the same; the result will be a new Equa- 
tion, containing but one unknown quantity.* The value 
of the remaining unknown quantity may then be deter- 
mined by the methods in the last section. 

SXAHPLBS. 

^' Given 4x-hy»:d4, and 4y-f af»16, to find the values 
of X and y. 

First, to eliminate x, we multiply the second equation 
by 4 s whence, l6y-f-4a?8B64. From this take the first 
equation and 15yaid0; whence y«a2. 

The value of y being now obtained, we find :c»16— 



^ When, by this or any oliier process, a quantity or letter is 
catjised to vannh fan tiie equstioiuH it is ssid to be eJMfwtf«dl 

£ 
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4y8sl6— SasS; or to eliminate x, divide the first equa- 

1 S4 
tion bj 4, and we shall have a^+TV^-r} which sub- 

4*^ 4 

tracted from the second equation, leaves ---ys-j 
whence ^sS» as before. 

2. Given ax+by^m, ca>— dy—n, to dftermine the 
values of x and y. 

To eliminate x^ multiply the first equation by c, and 

the second by a, whence acx+b^y^cm^ and aea>— advs 

•an; by subtraction ^ey+odysscm*— an^ and by dividing 

by bc+ad, y-j^:^. 

Or, to eliminate y, multiplying the equations by d and 6 
respectively, tzdx+bdy^amybcX'^dyssbn; adding these 

equations, €ujlx+bcxssdm+bn; whence 3cas . . k * 

. aa+oc 

*? Given 5 ^^+^y==^^ 

tj, uiven ^ 8a?+Sy«S9, to find the values of x and y. 

Result, xaeS, y»5. 

4 Given 5 ^^^+^^y''^^^' 

^. uiven ^ i8aj— iry«58,to find the values of a?andy. 

Result, xsb7^ ^^4. 

5 Given 5 ^^~^y==^^' 

o. «»ven ^ gy_2^_2j^ Required the values of x 

andy. Ans. oresQ, yssS. 

6 Given $^^^+^y^^^^' 

. ' I 4a>— 7ya4j to find the values of a; and y. 

Result, x^Bj y«4. 



7. Givei 






Resultiaiss6,y3=l2. 



8. Given*! 



X 
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15 20 



'1, 



y 3? 

^-^T^aslj to determine x and y. 



Result, arssSO, yaeSO. 

Rule 2. 

56. Find, from each equation, the value of one un- 
known quantity in terms of the other quantities. 

Assutne the values thus obtained, as the different 
members of a new equation. The Value of the unknown 
quantity contained in this equation may then be deter- " 
mined as in the last section. 



EXAMPLKS. 



Given*^ 



y 



ra?+^«51, 

o 



From the first equation y«rS5r— 49ar. 
From the second, yas72a>--490. 
Hence, 72a?— 490«s357 — 49a?, 
72ar+49ar8=357+490, 
847 ^ 



y«357'_49a?BaS57— 343=sl4. 



2. Given < 



X 



and y. 



7x+^ssx51. Required the values of x 

m 

^ Ans. ar«7, y=14. 

"a?+2 



3. Given < 



3 



+%«31, 



y+s 



X ^nd y. 



i*^ 



f 10a?«192. Required the values of 

Ans. a?sl9, yas3. 
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'6. 



jT— Ij «»2. Quere the values of a? and y? 

Ana. x»20, yasl$. 

5. Given ^ 

I Sa? ^v 67 ^ , ^ 

I Y'^s^T' Vttcre the values of a? and y? 

.Ana. xssl5y yss20. 

6 Given $ ^^^^-^^ 

^a;:y::a:fr. Quere the vatuesof o^and.yf 



7. Given 



4 ^5 5 ^' 



I ^^+^^«8f . Quere the values of x 
and y? ' Ans* a:«20, yas8. 



Rule 3. 



57. Find, in either equation, the value of one un- 
known quantity, and substitute the value thus found in 
the other equation; nv hence will arise a new equation, 
containing but one unknown quantitj, whose value maj 
be determined as already taught. 



EXAMPLES. 



f x^^^ul 
Given < 2 V to determine a? and y. 

t7a>— 3y«B58j 
From the first equation a7asl£ — ^, This value beirg 
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substituted for a: in the second equation, we have 

Multiplying by —2, ry+6y— 168=— 116. 
Whence y«« ■ — 'at4, ' 

oro !£-. |^» !£.-.£» 10. 

2. Given 5 ^*^ Sy«150, 

O0a^+1%»825. Quere the values of x 

and y? Ans. x«45, y«25. 

a? y 



3. Given < 



'5, 



-^+ysa31, to find x and y. 



Result, xsSO) yaBi£5. 

4. Given S^+y"»^» 
^ a; :y :: 5 : S, to find a; and y. 

Result, irslSy ys9. 

|-+Sy«21, 

5. Given ^ 
■| + 3a?a:29, to find a? and y. 

Result, ara9^ ymG. 

Rule 4. 

« 

58. Multiply one of the eouations bv an indefinite 
(j^uantity, ana to tiie equation tnus formed, add the other 
given equation. 

Assume the sum of the co-elBlcients of one imuired 
quantity equal to 0, and thence determine the value of 
the assumed nwltiplier. The new e<}uation will then 
contain but one BDknown quantity, which may be found 
as before. 

B2 
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EXAMPLES. 



^''^^^ { sJ+§!li3g^ *<> fi»d the values of x and y. 

Multiply, the second eq\iation by the indefinite quan- 
tity m, and we shall have Smx+Bmysa,lS2m. 
Adding this equation to the first, 

3ma?+ra:+8my— .9y«132m+59. 

Assume 3m+7«0, Whence fn««~ -, 

And v«: ^^^+59—308+59 924— 177_ 
8»i*-9 56 ^ * 56+27 ""^" 

Hence :.-12±=S?«l!?=f!«52«2o 
Or assuming 8m^9asO, m«-|^ 

1188 

And x^^^^^^ ^ "^ \^lim£^^20 
Sm+7 27 27+56 ^^- 

8 '^^ 

2. Given P^'*^^^^**^^' 

i 17a>— 10y«97, to find x and y. 

Result, Orae 11, yaB9. 

3a:+7y«79, 

2y— ^a:=9, to find x and y. 

Result, a?sslOf yss 7. 

i I0y~-S!B»75, to iletemue a; and y. 

Resttl^ af»l^ jlfe»12. 



3. Given < ^ l 
I 



5. GiveiK 
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£+»+£+ 16«5^H.27. Required thft 
values of X and y ? Result, ar=«60, y««0. 

Examples to exercise the foregoing ruks.* 

Given S ^*^— y*=*A 

c ^^l'* to fij^d a? and y. 

Squaring the first equation, x*— Say +y«a»d^ 

Multiplying the second bj 4, 42:yiss4p. 

Taking the sum, aj*+23iy+y»sad«+4p. 

Extracting tlie root, a?+y=»%/rf'+4p, (^.) 

Adding the first, 2x^d+ v'd»+4p,or a?=»^ili^±f? 
Subtract first equation from equation w^, and 

2y«^S5+45Jl-d, ory»i^^i£i:?- 
2. GivenJ^,"J'4^4^j^j^^jy 

Dividing the second by the first, a?+y=«-^. 

Hence, adding and subtracting the first, Zxss-^+m 
and 2y> 



m 
n 

m 



Whence. «-^j- and y«-.^p. 



* In the solution of these g|)d other nmilar problems, the in- 
l^eiuouft.8tadeiit will find expe^ents which are not clearly indi- 
cated by any of the preceding rules, by which his labour nay 
be frequently abridged. 
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3. Given J ^^-«» . • , 

I aj«— . y^azb, to find x and y. 

Subtracting three times the first equation from the se- 
cond) aB^-«^jc^4.3a!y'^— y*MAi«-*3a* . 

Hence, extracting the root, x^^sa^S^Sa^ which 
^ put "BC, (A) 

Divide the first equation by ti^s, whence xy^^ (B.) 

To the square of equation {Jl,) add four times equa- 
tion {B,) and we shall hare 

c 
Whence by evolution, a?-f ya* v^((»«+l?) 
Adding and subtracting equation Jl, we find 
2a;s»^(c»+^)+C and 2y«>/(c»+^?)— cj 

C (J ' 

Or a - , and ya. ;-— 5-i — 

4- Given J ^+ y**^* 

C ^+y*«6, to find a? and y. 

From the first 3^+Sx^+Sxy^+y^ssaK 
By subtraction, 3a;^y+32:y3aa> 



Dividing by three times the first, a!y«ftl*, ^hich 

put attC. 

Hence, as— y=B^a^^— 4c. 



Whence. x=2±i^!!l±=j and y^t=i^±±. 
Otherwise, dividing the second equation by the first. 



a?'^ay+y»«— . 

a 



J 



m^^^^^^^^^^^^^ 
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45 
Hence, 4««— 4ay+4y«sBs— 

Squaring the first equation, x»+2iBy+y«=a«. 
Subtracting the latter from the former, wc have 

c* 

45 — as 
Consequently, si^r^2xy+y^^ ^^ , 

— 45'-"-ck' 

And, by extracting the rciot, a?— ^«\/ ^^ 

-46— a? 4fr— a» 



3a , ^ 3a 
Whence* «?«= §— — and y^ j — 



If we put ?-r — assc, the* values of x and y will be found 
the same as before. 

5. «ivcn ^ip_y--,rfjtofinda?andyintermsof#and(f. 

Result, «=-f-» ^^'"'T" 

6- Given ^ j-uJi:.rf to find m before. 

7. "*^®n^ ^_Q^ Qttwre the yalues of x and y. 

Ans. x«4, yas2. 

o r«' 5^:y::3:2, 

8. ^iven ^ ^_^9_,20, to find a? and y. 

Result, ara«6, y»4. 



9. Given < 



a?— 2 lO— g y— »10 
5 3 "^ 4 * 



%+£_2^ ^ Required the nu- 
^3 8 4 ^ 

merical values of x and y. Ans. x^7, ysslO. 



' 
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10. Givcn^ ?f_5=::a.ll_!^, to find X and y. 

Result, ic»49 yaeS. 

11. Givcn^ 9 XT' 3 ^^^' 

lar : Sy :: 4 : 7, to find Jtr and y. 

Result, «atl2, y— 7^- 

12.GiTen<;^ III 

-- j.^ sa-- +-^, to find X and y. 
« y « « 

Result, a:s*4, y«:2 

13. Given I a«^y«r.i52, what are the values of x 
andy.^ An8.a?=5,y=8. 

14. Given | a:84.ys-x468, to find x and y. 

Result, ar«sr, y=s5. 

15. Given ^ ay+y»«84, to find x and y. 

Result, a:=8, y=s6. 

16.' Gi.enJS+§!"Mofind:randy. 

_ , ow^— ftn an— mc? 

ir r' 5a:*^-y*=12240, 

17. uiven ^a.a+y9_i7o, to find x and y. 

Result, a?=all, yasr. 



* When we have two equations^ and two unknown quantitiei, 
neither of which rites above the fint power, the required values 
wKf be obtained, from the results of the l<Hh example, by sim- 
ple substitution. 



•% 



* 



18. Given ^ ^_yT«98, to determine x and y. 

Result, x^5, yssS. 



Sbotiom VI. 

SIMPLE EQUATIONS, 

Containing thru or more unknown quantities, 

59. The unknoivii quantities may be eliminated one 
after another, bj the first three rules laid down in the 
last section. Or multiply each given equation, except 
one, bj an indefinite quantify; a£i the remaining given 
equation, and all tiie new equations together ; and as- 
sume the sum of the co-efficients of each required quan- 
tity, except one equal to 0; whence, as many equations as 
there are assumed multipliers will be formed: and tbence 
the values of those multipliers may be determined, and 
consequently, th,e last unknown quantity. 
There are otiier methods, which may often be advantage- 
ously applied, but which can be learned only from prac- 
tice. 

fiXAMPLES. 

rx+ y+ 3r«29, "| 
Given <J ^+2y+3^-62* U find the values of 

2 1 

Multiply the last equation by 2, x+ — y+--ar=B20. 

Subtract this from the first equatioD»^y+-5<srs9. 

3 

Multiply by d| and y+ -^z^ftT. 
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Subtract th« fint equation from tiie secoudr and 

From this equation subtract tiie former, and we find 

— 2b6 « xwia. 

Take double the last equation from the last but two, 
and y^9. 

Lasttj, the sum of these last equations subtracted from 
the first, leaves x=S. 

Otherwise. — From the giren equations, 
»is6s — 2y— $2. 



Whence, 89— 3/— r=62— ay— sz. 

A Jan 2 1 

And 20— jy— -.1=29— j^ar. 
From the former of these, yaSS— 2^, 
And from the latter, y—27 — 1«. 
Therefore, S7~^z^S3—iz. 
Or, «4— S2—66— 4«j .-. z— 1«.» 
But y*33— £2<b9. 
And £=29 — y — x^^S. 

^ • The riffo .-. ii u»ed imhe pUce of the wvdOtnifir,. 
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Or multiplying the second and third equations by m 
and n respeetively, nus+Qmy+Smz^6Sm, 

Hence, by adding these equations to the firsts 

111 

x+mx+'^nx+y+^fny+^ny+z+Smz+'jmss' 

S9+62m+10n. 

Assume l+2m+~n»0, and l+Sw+--rnss:0. 

3 1 

From the former of these equations — +3fn+---na0. 

.•. -— +—-waBO, or nss— ^. 

Hence^ mas— rr« 

6£ 

„^ 29+62m+10n 6 *" 

Iffhencei afag* ' ^ — g« - ^ 'caS, 

l+?n+-gn 1—5—1 
Again» making !+»»+ g-w^O, and l+3m+ j»i«eOy 

We have «•■—---, and maa— -r . 

^ ., 29+GSm+lOn ^ 

Conseqnenfly, y» ^ *b9« 



H-2t»+-^n 



Hence, ;raBlS. 






f. Given < a^'f %r+S»«"105/ 

F 
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Subtract the fint from the second, y+fbg^5^ 

Second from thirds y+Z9m99. 
Subtracting the last, z»2S. 

*•. y«6. 
And x^24. 

3. Given < a:+zaaS4, 

l^y+z^SO, to find x, y, and x. 

Result, a?—r» y=*13, z^l7. 

f7x+5y+^^79, 

4. Given •< 8ar+7y+95fcl22, 

(_ x+4y+5z^55, to determine the values 

of Xj y, and z. Result, xs»4, y^9f zsaS. 

5. Given iaj— za=3, 

Result, XsmT, y^^f zss4. 

r2a?+3y+42:s*38, 

6. Given < 5j?+ry+ll2;«98, 

t7a:+9y+ 15^8=132, to find x, y, and z^. 

Result, a?sa3, ya4, ;7s5. 

Cax+by+€z^m, , 
r. Given ^ dx+ey+fz^n, 

tgx+ny+kz=ssp^ to find :r, y, and z, 

aeA? — ahf+dhc-^dRfk + gbf-^gec 

Result* <! y3^ «fe»-^+tf<y---<^foy*+^^ 

aq^~^ahn+dhm^''dbp+ghnr^gem 
aeh — a^+dhO'^bk+gbf-^gec 




asaeaB 



* From these general results the vAlues oF «, y, z, in the pte- 
•c^Unf examples^ may be found by simple substitution. 
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L^+y+^=33, to find V, X, y> and z. 

Result, v=9, x=10, 2/=ll, 3:=:12, 

10 ~l5 ^"^ 5 • 

9y+5y*— 2;g ^x+y-^Sz _ 7y+z-\-S , 1_ 
— ' ii 4 11 "''6* 

5y+33r 2a?+3y— g 3a?+%+y 

. 4 12 "^ Sr— -r- g 

Required the values of x, y, and izr. 

Ans. Xss9, y^7i 2r=3. 

r3v+4a:+5y+6;2r=102, 



9. Given < 



10, Given J 4v— 6a?+4y— 32r=6, 
lu, uiven< 2|,+3av-5v 



2v+3a!>— 5y+42r«=ll, ' 
L6t>+5;r?— 7y-f^=7', to find v, a?, y, and z* 

Result, v^5^ a5a«4, y«7, Zaa:6. 

Examples producing simple eqttations. 

Required to find two numbers whose difference shall 
be 4, and the difference of the squares 64. 

Let x^ the greater number, and ys the less. 
Then, by the question, ^^^^^^54^ 

Dividing the. 2d equation by the 1st, ar+ysal6. 

Taking the sum and difference of this equation and 

the first, 2a?«20, and. 2y « 1 2. 

.*• o^ssslO, and yaC. 

Otherwise. Let Xae the less number, then a?+4sthe 
greater: 
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Whence* by the question* x+4 1«— a?«aB664, 

Or8j;+16»64. 
.'. by transposition and division, ar=a6, and x+4sssl0. 

2. A person having boueht three loads of grain, the 
fir9t» consisting of 30 bashels of rye, SO of barley, and 10 
of wheat, for 230 francs ; the second, containing 15 bush- 
els of rye, 6 of barley, and 12 of wheat, for 138 francs; 
the third, consistine of 10 bushels of rye, 5 of barley, and 
4 of wheat, for 75 francs; required the price per bushel 
of each of these kinds of grain. 

fa bushel of rye cost x, 1 
Suppose < a bushel of barley, y, v francs, 
(^and a bushel of wheat, z\j 

fS0x+d(h/+10z^QS0,{A.) 
Then by the question,< ISx+Gy+lZzsslsS, 

i 10a?+5y+4z«75, 

Multiplying the 2d equation by 2, and the dd by S, 

30a?+12y+242:«:276, 

S0a?+ 15y + 12;r«225. {B.) 

Taking the difference of these equations, 

Sy— 122r«— 51. (C.) 
Take the difference of equations {^.) and {B.) and 

5y — 2z^=5, 
Multiplying this by 6, SOy — 12;r»30. 
And sul>tracting equation (C) 

2ry=«81. Whence, y=«3. 
15—5 ^ , 23—6—5 , 

,% gas asj, ana a?a« .., aa:4. 

2 3 

3. Required to find two numbers, such that their dif- 
ference multiplied by their product, shall be 308, and the 
difference of their cubes 988. 
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Let xsss the greater, and y^ the less. 

Then from the question, 

(a?— y).a!?y, or a?^y— ^»=:308. 

And ar*— y»aa988. 

From the latter taking thrice the former, 

We have x^-^Sx^y+Sxy* — y^^64. 

And taking the cabe root, a>— yaB4. (Ji.) 

Dividing the sum of the two primary equations by this 
last, ' 

Hence, by extracting the square root, 2^+^=18. {B.) 

Taking the sum and difference of equations {*d.) and {B.) 

18+4 ., J 18—4 • 
ar=--^«ll, and y^—^=.7. 

m 

4. The sum of two numbers multiplied by their dif- 
ference is 20, and the difference of their 4th powers 
1040 $ what are the numbers ? 

Let xss the greater, y^ the less. 



Thea from the ^0*0.^-+^'^':^^';^^^ 

Dividing the latter by the former, a^+y'sa52. 

Taking the sum and difference of the first and last 
equations, 2x*saT% and 2y>ss32. 

.% Xsv^36a=s6. 
And ysay^l6ai4* 

5. The difference of two numbers is 5, and tiie diffe- 
rence of their cubes 1685; what are the numbers? 

Let xam the greater, y«a the less. 

T'^l^''^ J 5:27-1685. 

F2 
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By divisioDi ^-^^■BX3+ay+y«a=337. 

Squaring the irst equation, z^-^23nf+y^^25. 

By subtraction, day«i312. 

Adding 4 of this equation to the preceding, 

a?»+2ay+y*=a441. 
Extracting the square root, x+y=i2l. 
From this and the first equation, a?ssl3, and y«sB. 

6. Required to find two numbers, such that half the 
first added to a third of the second shall make 9, and a 
fourth of the first, added to a fifth of the second, shall 
make 5. Ans. 8 and 15« 

7. A testator bequeaths to his widow f of his estate» 
to his son ^, and the remainder, which is' found to be 
756 dollars, to his daughter^ what was the estate left ? 

Ans. S8S5 dollars. 

8. There are two numbers in the ratio of 3 to 5, and 
their sum is one fourth of the difference of their squares; 
what are the numbers? Ans. 6 and 10. 

9. The ag|es of a man and his wife, at the time of mar- 
riage, were in the ratio of 7 to 6, and at the end of 30 
years, they are found to be as 17 to 16. Quere their 
ages at the former period ? Ans. 21 and 18. 

10. A post being i of its length in the earth, ^ in the 
water, and 10 feet above the water; what was its whole 
length P Ans. M feet. 

11. Divide 1100 dollars among A. B. and C, so that 
B. shall have 100 dollars more than A., axld C. 150 more 
than B.; what is the share of each? 

Ans. A. 250, B. 350, C. 500. 

12. There are 21 persons, whose a^es form an equi* 
different series; the age of the eldest is 4 times that of 
the youngest, and the sum of all their ages is 525 years; 
how old 18 the youngest ? Ans. 10 years. 
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13. At a certain election9l296 persons Toted, and the 
successful candidate had a inajoritj of 120; how many 
voted for each ? Ans. 708 for one, and 588 for the other. 

14. A servant agreed to serve his master for £B a 
year and his livery, but was turned away at the' end of 
7 monthsi and received only £2 ld«. 4d. besides his li- 
very ; what was the price of-tiis livery ? Ans. £4 I65. 

15. A servant having eloped from his master, travels 
14 hours in the day« at the rate of 3^ miles an hour ; at 
the end of two days, a courier is sent in pursuit, who 
rides 9 hours in the day, at the rate of 7 miles an hour ; 
in* what time, and at what distance will he overtake him ? 

Ans. 7 days, and 441 miles. 

16. The sun's mean daily motion in the ecliptic is 59' 
8", and that of the moon 13^ 10' S5\ what is the tune of 
a mean synodic revolution of the moon, viz. a revolution 
from conjunction with the sun to conjunction again ? 

Ans. 29 days, 12 hours, 44 minutes nearly. 

17. A farmer, having hired a labourer, on condition, 
that for every day he wrought he should receive 5Q cents, 
and for every day he was idle he should forfeit 20 cents, 
finds at the end of 420 days, that neither is indebted to 
the other; how many days did he labour? Ans. 120. 

18. A certain number, consisting of two places of 
figures, is equal to the difterence of the squares of its di- 
gits; and if 36 be added to it, the order of the digits will 
be inverted ; what is the number? Ans. 48. 

19. A vintner proposing to mix three sorts of wine, 
viz. at 65 cents per gallon, at 45 cents, and at 35 cents; 
the number of gallons at 65 cents, to the number at 35 
cents, being as 5 to 3, so as to compose a hogshead worth 
50 cents per gallon. Quere the number of each ? 

Ansk 22i at 65, 27 af 45, and 13^ at 35. 

^0. There are 4 equidifferent numbers, whose sum is 

5S, and the sum of whose squares is 864; what are the 

lumbers ? Ans. 8, 12, 16, and 20. 

21. If 38 federal dollars and II. English crowas be 
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given for 271 French francs, and 76 dollars and 33 
crowns for 610 francs; at how many francs were the dol- 
lar and crown respectively estimated? 

Ans. the dollar 5|f « the crown 6^. 

22. There is a number consisting of three digits in 
arithmetical progression, whose sum is 21; and if to the 
number 396 be added, the Sum will be expressed by the 
same digits in an inverted order; what is the number? 

Ans. 579. 

23. Required to find four numbers, such that the con- 
tinued product of the 1st/ 2d, and ^d, shall be 24; the 
product of the 1 st, 2d, and 4th, 30 ; of the 1 st, 3d, and 4th, 
40; and of the 2d, 3d, and 4th, 60. Result, 2, 3, 4, 5. 

24. It is required to find three numbers, such that the 
first multiplied by the sum of the other two shall be 96; 
the second multiplied by the sum of the other two shall 
be 105; and the third multiplied by the sum of the former 
two shall be 117. The numbers are, 6, 7, and 9. 

25. What fraction is that, to the numerator of which 
if 1 6e added, the value will be i, but if to the denomi- 
tor 1 be added, the value will be « ? Ans. ^. 

26. A person bought a chaise, horse, and harness, for 
150 dollars; the price of the chaise was twice the price 
of the harness, and the price of the horse as much and 
half as much as the price of the chaise and harness; 
what was the cost of each? 

Ans. harness 20 dollars, chaise 40» horse 90. 

27. Two persons, A. and B. have the same income: A. 
saves ^ of his yearly ; but B., by spending as much in 3 
years as A. does in 4, finds himself, at the end of five 
years, 200 dollars in debt; what was Ae income^ 

Ans. 600 dollars. 

28. A. and B. put equal sums in trade : A. gained a 
sum equal to i of his atock, and B. lost 450 dollars; 
when A's; monev was double of B's.; what was the sum 
laid out by each? Ans. 1200 dollars. 

29. Two persona comparijig their ages, find thesis at 
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presents in the ratio of 7 to 5, bat that SO years ago, the j 
were in the ratio of 2 to 1; what are their ages ? 

Ans.70 and 50. 

30. A. and B. began trade with' equal sums of monej. 
in the first year A. gained JS40, and B. lost i840 ; but m 
the second} A. lost one third of what he then had, and B. 
sained a sum which was d840 less than twice what A. 
had lost; when it appeared, that B. had twice as much as 
A.^ what sum had each of them at first ? Ans. £320. 

31. A fanner sold 96 loads of hay to two persons. To 
the first one half, and to the second one fourth of what 
his stack contained; how many loads were in the stack? 

Ans. 128. 

3^. If 116 be divided into four parts in such manner, 
that the first being increased by 5, the second diminish- 
ed by 4, the third multiplied by 3, and the fourth divided 
by % the results will all be the same ; what are the parts? 

Ans. 22, 31, 9, and 54. 

33. A shepherd in time of war, was plundered by a 
party, who took from him \ of his flock, and « of a sheep 
inore ; another'party took from him \ of what he had left, 
and i of a sheep more; afterwards, a third party took i 
of what remained, and 4 a sheep more, when he had but 
25 left; how*many had he at first? Ans. 103. 

34. A person has two horses and a gig ; the gig is 
worth 150 dollars. When the first horse is attached to 
the gig, the value of the two is twice that of the second; 
but when the second horse is put to the gig, the value is 
three times that of the first horse ; what were the horses 
respectively worth ? 

Ans. the first 90 dollars, the second 120. 

%5. When a cdirnpany at a tavern came to pay their 
reckoning, they found, that if there had been three per- 
sons more, they would have had a shilling a piece less to 
pay ; but if there had been two less, they would have had 
a shilling a piece more to pay ; required the number of 
persons, and the quota of eacn? 

Ans. 12 persons, quota of each 55. 



J. 
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36. There are three equidifferent numbers, vrhose tsttin 
i$ S24, and the first is to the third as 5 to 7 ; what are 
the numbers P Ans. 90, 108, and 126* 

37. A man and his wife usually drank a cask of beer 
in t£ dajs ; but when the man was from home, it lasted 
the woman 30 days ; how long would the man alone be 
in drinking it P Ans. 20 days. 

38. A. and B. can perform a piece of work in 8 days, 
A. and C. in 9 days, and B. and C. in 10 days ; how many 
days would they severally require to perform the same 
work ? Ans. A. 14|| days, B. 17||^, and C. SSfi- 

39. The hypothenuse of a right angled triangle is 13, 
and the area 30 ; what are the other two sides P"*^ 

Ans. 12 and 5. 

40. There arefour numbers in geometrical progression; 
the sum of the extremes is 18, and the sum of the means 
12; what are the numbers P Ans. 2, 4, 8, and 16. 

41. Required to find four numbers in geometrical pro- 
gression, such that tiie difterence of the means shall be 
100, and the difference of the extremes 620. 

The numbers are 5, 25« 125, and 625. 



Section VII. 

* 

QUADRATIC EQUATIONS. 

60. When an equation contains the square and sim- 
ple power of an unknown quantity ; or in general^ two 
powers, one of whose indices is double the other, of an 
unknown quantity, whether that unkj^own quantity be 
simple or compound, it is called an adfectta quadratic 
equation. 



* To solve this problem, it must be recollected that the square 
of the hypothenuse is equal to the sum of the squares of the other 
two sides, aivd that the area is half the. product of those sides. 
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Rule 1. 



Arrange the terms, by transpq^ition or otherwise, so 
that the hi^est power oi the unknown quantity shall be 
contained m the first, and the other power in the second 
term on the left side of the equation; and the term or 
terms consisting of known quantities, on the other side. 

When the highest power of the unknown quantity 
contains a co-emcient, divide the equation bj that co- 
efficient. Then add, to each member of the equation, the 
square of half the co*efficient of the unknown quantity, 
(or the numeiilal part of the second term,) and the first 
member of the equation will be a complete square. 

Extract the root and find the value of the unknown 
quantity by the former methods. 

Rule S. ^ 

61. Arrange the terms as before. Wheu tlie highest 
power of the unknown quantity has a co-efficient, multi- 
ply the equation by foui^ times that co-efficient, and to 
each member of the resulting equation, add the sc^uare of 
the co«efficient of the unknown quantity, contained in 
the primary equation; then the first member of the result- 
ing equation will be a complete square. 

Extract the root, and proceed by the former methods, 
to determine the value oi the quantity sought. 

EXAMPLES. 

Given Ssr^^— 9a?ss£66, to find the value of x. 

9 
By rule 1. — ^Dividing by 2, x^ — ^xbISS. 

Adding (-jj to each member, r^— — ^+~a«-— - 

9 47* 
Extracting the root, ^'^-"■t =*x 
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By rule S^Multiplyipg by 8, 16«»^r2««2l28. 
Adding 81 to cachjncmber, 16a:'u-72a?+81»2209. 
Extracting the square root, 4a? — 9sa4T* 

.%x^ — r--Bxl4| as before. 

4 

2. GiTen ax^+bx^c» te find the value of ar. 

b c 
By rule 1-— Dividing by a,a^+~a?=a^ 

6* . h b^ b^+4ae 

Adding— to each, aj»+~(r+— «— jj- 



B, .....«.., .+4.^^5^ 



By transposition! a;=s2:^ g- 

By ruk £•— -Multiplying kj 4a, 4a^+4oft«aB4ae. 
Adding 6» to each, 4a^3C^+4abgc+b*9a4ac+bK 



By evolution^ £ax+&as^4ac+6^ 



3. Given gaj^+sarta-sg^ to find the value of x. 

By ruk 1. a;'+— x^aal. 

■I 3 -^ 9 £5 
Comp. the sqr. ^ +'£-» +i§«^ 

Evolution, a:'+--aB— - 

4 4 



^ 



QUADRATIC equations/ 75 






i 5—3 1 



2 

1\8 1 



Whence, ar«:(-) =~ 

By ruk 2, 16«^+S4a?^;=Bl6, 

Adding 9 to each, 16a?^+24a?^+9«25, 

By evoliitioitf 4x^+5^5. 

1 I 
By transp* and diviBlon,a;^aB--. 

Therefore, JPa*-^- 

4. Given a?«^l2a;8+44a:« — I8a?=s9009, to determine a?> 
This equation, is equivalent to the following: 

a?*^— 1 2a5« + 36a?« + 8ar«^— 48a?«9009, 

Or to this («•— 6ir)«+8.(ar8— 6a?)=9009. 

In which, a?^^— 6a? may be considered as the unknown 
quantity. . 

Hence, proceeding as in the former examples, 

(a?»— 6a?)«+ 8.(a?«— 6a?) + 16«9025. 

... a?»— 6x+4as95, or a;»— 6a?;»91. 

Whenccj a?« — 6a?+ 9=atl 00. 

.% a>— 3esl0,or«ald. 

5. Given ^/(a>-— ) + •(!— 4-)=»«>to find the value of a?. 

•*» a? . - 



Mttltiplyiag by v'*. ^/«»— l+v'*— l—aJv'as. 

G 
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Squaring this, ar«— l+Sv'ar*— ar«— a?+l+a>— l«=x». 
Bj transposing and changing the signs, 

^«.a?^— a;+ 1 — S^/aj^ — x*—ic+ 1 = — 1. 

Here v^a?^— a:* — x+1, may be considered as the uh- 
known quantity. 

Hence, adding 1 to each side, 



ays — ^a?*— a?+ 1— 2s/a:^— x*— a:+ 1+1 =^0. 



^ac^—x^'—x+l—l^O, or v^a:»— x«— ic+l=al. 

... a?8 — 0?^ — ^a?+l=l; 
Whence, a?' — ^a?=l. 

15 1 ^ 5 1 _ 

d. Given Sa?«* — 2a?«+3=ll, to find x. 

3a?*" — 2a?»=a8. 

S 8 

% rw/e 1. a?»»— ~a?*= J 

o 2 . 1 25 

ar» — ^ = -, or a?=:2^ 

By fti/c 2. 36a:««— 24a?»=:96. 

36x«»— 24ar«+4a« 100. 
6x"— 2«=10. 



QUADRATIC EQUAT^IONS. 75 

ar»±=-2-3=r2, or a?=s^2, as before, 
o 

r. Given ar*" — 2a:8»+a?*s=132, to find the value of x. 

This equation may be changed to 

Which is (ar»»^a:")«— (a?««—a!:^)=lS2. 
Complete the square, 

1 529 

(ar«*— a?*)«— (a?««— <r») + — -=sBl32Jes— 

« 

1 23 
Extract the root, a?2« — a;»— - =b— ' 

2^ 2 



N 



.-, a?9« — ^a?«=12. 



1 49 

Complete the square, a*«-^a5*+ --as5l2ie=B— 

1 7 
Extract the root, a?" — ;T=«=r7r 

2 2 

.'. a?»=a4, or a?ss=y4. 

8. Given ar^4-12a;ss64. Required the value of or. 

Ans. a:ssa4. 

9. Given 7a?«+5a:+4tBa82, to find ar. Ans, a?s«3. 

10. Given -ix'— ix+7|sr8, to find x. 

,23,- 

Ans. a?casl^- 

11. Given a?«+^0a:«=224, to find ar. Ans. a:=:2. 

12. Given 5x^ — 4a?+3a=159, to find x. Ans. a?=36. 

13. Given 6a: H =44, to find a?. 

X 

Ans. «5as7', or f.* 



* This example falls under the ambiguous case, which is ex- 
plained in the next note. 



76 €IUADRATI€ £<lUATiONS» 

14. Given 40? -—=14, to find the valac of ar. 

a?+l 

Ana. a?BB4v 

15. Given 3a>-^ — — -— — «2, to find the value of ar. 

X 

Ans^ a?tB=19. 

^ -*. Sav— 3 3a?— 6 - , 

16. Given 5a^— -.*=2a?+ — ^r — , to find x, 

ar— 3 2 

Ans. flfas4. 

62. The foregoing solutions have been effected bj exe- 
cuting the whole process in each case; but it is more 
convenient in practice, as well as more elegant, to solve 
all such e()uations by a few general /ormu£?. In order 
to which, it is to be observed, that all ad fected quadratic 
equations are reducible to one of the following lorms. 

1. x^+^ax^b. '^ 

2. x'^ — ^ax^h. I (A) 
3.. ar« — ^2aar=— *. J 

These equations, when the squares are completed, be- 
come, 

1. x^+9MX+a^^a^-\-h 

2. x^ — 2aa?+aa=asa«+ 

3. x"^ — 2aar+a^=a^ — b. 

Hence, by evolution and transposition, we have 



1. ars= — a+s/a^+L 



2. ar=fl+v/a«+6. 

5. x^a+^^a^ — 6.* 
Adfected quadratic equations are sametimes expressed 



by one of the following forms. 

1. axl^+bxssc. 

2. aad^ — bx^c. \'{B.) 

3. ax^ — bx 



Jc. \{B. 



* See note, page 77* 
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Multiplying these equations severally by 4£i, and addl- 
ing b^ to each member, they become, 

1. 4a8ar«4-4a5a?+6»«6»+4ac. 

3. 4a»x* — iabx+b^esb^ — iae. 

The roots being extracted, the Talues of x are easily 
found* 



— b+s/b^+4ae 
2a 



6+v^6«+4ac 

2« X= ;r 

t 

6+v^6«— 4ac* 



3. 0?! 



2a 



from these /ormti/^, any adfected quadratic equation 
may be resolved, by assuming for a and b, in the equa- 
tions (w?,) and for^a, 6, and c, in the ec^uations {B,) such 
values as will render the general equation identical with 
the particular one under consideration, and substituting 
the values thus assumed in the final equation. 

Simple Quadratic equations are evidently solvible by 
the same formulss, if we assume the co-emcient in the 
second term «0. 



• The value of x, in the third case, is ambiguous ; b^ause, 

's/x^ — 2ar-|-a«^x— o, or a — ur, and ^4a^x» — ^bx-^b^ssr^ax 
—6, orb — ^ax,* and there is nothing in the general equation, to 
show whether x is greater or less than a in the former case, or 

than o~ in the latter. The ambiguity does not exist in the second 



2a 



case, because %/«« -I- 6 must be greater than a, and v'd«H-4rtc 
greater than *, and therefore, cannot be equal respectively to 
a— X, and b — 2flx, unless x be negative. When the sign of x 
is doubtfuly the first and second cases are also ambiguous. 

G2 
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1 r. Given 9a?^«— ra?sa 116. 
Dividing by 9, a?«— -^aras-— 

Comparing this equation with the 2d form, {A,) we have 

2a=»-^,and6=— 

it 7^ I ^/49 . 116, 72 ^ 

Hence. a?==r7r+v^(T:r^H — :r-)= — =4. 

Or comparing the given equation with the 2d form (A) 

a=:9,6=»7, c=sll6. 

Hence, ^^^+^"49+4Tf 6^7+65 

18 18 

18. Given v^To+x— 4.'10+a?=2, to frnd the value 
of X* 

Considering 4/10+^ a» the quantity sought, and com- 
paring the equation with the 2d form, (Ay) we have 

2a»l, h^% 



.-. ^10+a:«-5-+v'2---aH2^ 

l(H-a;»2*=«16, and therefore, ar=36. 
Or 5/10+a>— 2a=yi0+ar. 
H^ce by involution, lO+o? — 4v'10+a?+4a«^10+a?. 
Hence, 14+a?a=5^10+ar. 
By involution, 196+28a:+ar*«:250+25;r. 
Hence, a?'+Sar«54. 
Comparing this with the 1st form, {A,) 

2aa3, and 6»54. 
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19. Given a?+v^5x+lQaas8, to determine the value of a?. 
Multiplying bj 5» and adding 10 to each member. 



5x+ 10+5y/5x+ 10=50, 



Considering \/5x+10 as the quantity sought^ and 
eomparing the equation with the 1st form> (w^,) we have 

2a=^5f and bsaSO. 



Hence, x/5x+l0=^—^+s/{50\')=^5. 

By involution and transposition, 5x=25— 10. 
Therefore, a:=3. 



Otherwise. — By transposition, v^5ir?+10s=8 — a?. 
By involution, 5a?+10=«64— l6a?4;a?S 

Or ap« — 21a?= — 54. 
Comparing this with the 2d form, (B,) 

asl, 6ssb21, and c^54, 

„ 21+V/441— 216 ,^ ^^ 

•Hence, a?= — — ^ =asl8, or 3.* 

2 

20 Given S a^V+^y-l^^^* 

20. Uiven ^ ^^y^i2, to find x and y. 

Comparing the 1st equation with form 1. {^^ 

as=^, 5»1260. 

Hence, a:y=^+v^(-i + 1260)«35* . 






* The ambiguity is introduced into this solution by the involu-' 
tion of the given equation i for (8 — a?) =(0: — 8)*; and one of the 
vahies of x, corresponds to the supposition, that Sx-f- lO-ssCo;— -8)^ 
and the other to the true one, that 5x4-10aB(8-*a:}^. 
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SubtrlictiDg 4 times this equation from the square of 
the second, we have 

••. a>— y«s+^ *^^ ^==7' or 5. 
21. Given < 'Tp' — y"*"^ f *^ ®°^ *® values of a? and y. 

Comparing the Ist equation with form 2d, (^,) 

aBs3» 6^5, css2. I 



Hence. ^=^^^^±^-2. 

/. x^sSLy^ and %»m8, 

8 
.\ y=ssy^-~ss2, and a;sss4. 

22. Given J ^^^ J; \ ^ find a? and y. 

Assume vy^x, then r®y^=ssa?«, and vy^^xy. 

12 

... vy +t^«=i2, or y»=j;q:; 

t^yfl.— 2y*al> or y'sas 



V— 2 



12 1 

Hence -rr-'" — :» ®r 12» — ^24=si;«+10. 

V^+V V ft 

Therefore, «« — llr=x — ^24. 

11 
Comparing this with form 1st (•^>) ^^-q 9 6»24. 

11 121 

Whence, f;a:-j+v^(-- ^24)ic8 or 3. 
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^3. Given < y "^Ic """' >to find x and y. 

Assume a? — y=2r, then a?=s6+j; y=6 — v. 

Therefore, ^ , ^ + \ ■ ^ =«. 
o — V b+v 



Arid by multiplication,(6+t;)«+(6— v)'*=ax6— » Xb+v. 
Or £6?+66f;»=«a63— at>». 



24. Given^ 



to find X and y. 



Whence, t;-^^^;^;^ 

Assume x+y^a, xy^p. 

Then— +—=»—«• 
y a? 

And multiplying by xyssp, x^ +y^ s^^p-^P' 
But, aj'+y^ata* — 3«p^ 

.-. op— »p=««— 3«p, and/^^^qp^; (C-) 



.75+^*+y'+' 



./ 



From the square of the first equation subtract twice the se^ 
cond, 

From this equation subtract the second, and 

xi — xy + y2 a=«9 — 3p. 
Multiply by the first, and x^ +y»«»f •--^- 
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Again, a?»+y»««» — 2p. 

Also, -;+^«(a— «)«— 2/)=sa'^— 2a«+«»— 2p. 

y *^ 

Hence ~+a:»+y»+^=:a9— 2a»+2*«— 4jo«:*. 

By substitution, (C) a'— 2a*+2«« r-=ft. 

Clearing the equation of fractions, o»— 2««»=sa6+2&*. 

a 2 



Consequently, #=^^+^(^^+2!=^ ) 



2a *^ Ma«^ 2 

8 



Whence, /?« becomes known. 

Now, (aN-y)8=s(a?+y)«— 4a?y=:*»— 4p. 
Or, a>— y = + ^8^ — ip. 

... a?« -^^ ^ andy:=n t>- ^ ^ 

Que8tion8 producing quadroHc equaiion8, 

1. Required to find two numbers, such that their sum 
added to their product shall be 47; and the sum of the 
squares shall be 74? , , ' 

Let X and y denote the numbers. 

Then x+y+xyss^47i7 u .^ j i. 
And a:»+y«I=74, 5 '^J^ *® ^*^- 

Add t?wice the first equation to the second, an4 

a?H2ay+y«+2a?+2y=168. 
^r» (a?+y)»+2. (a?+y)«»l68. 
Hence form 1. {ji,) a?+y«— 1 + 13«12. 
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. This equation subtracted from the first, leaves . 

By subtractiDg twice the last equation from the 2d, 

x^ — 2ay+y»aB4, 

Hence by evolution, a>— ^=+2. 

.% a?=s7 or 5. 

2. A. and B. sold ISO ells of silk, for 42 crowns; 40 
ells belonged to A. and 90 to B. Now, A. sold for a 
crown \ of an ell more than B. did. How many elis did 
each sell for a crown ? 

Let 0?= the number B. sold, > ^ a,.«w« 
Then ;c+^=«the number A. sold, 5 ^^' * *^^^^' 

90 
.% — ssnumber of crowns received for B's. silk. 

And — ■rx'=^7. — --■snumber received for A's. silk. 
X'\-\ 3a?+l 

90 , 120 

^Oar+90+ 120a;=rl26ap»+42af. 
By transposition and division, 21a?^— 58a^&sl5.r 
Comparing this with form 2, [B) we find 

aa2t, &«b58, c=:15. 



„ V1260+3S64+58 126 ^ ^ ^ 

Hence, a?c= — =-— -a»s, aanumberof 

42 ' 42 

ells B. sold for a crown. 

•*. 3^, number A. sold for a crown. 

3. There are two square yards, paved with stobe, each 
stone being a foot square; the side of one yard exceeds 
that of the other by 12 feet, and the number of stones Ia 
the two is 2120; what are the sides P 

Ans. 26 and 38 feet. 



\ 



84 QUADRATIC EQUATIONS. 

4. A labourer dug two trenches, one of which w^s 6 
yards longer than the other, for d8ir 16^., and the digging 
of each cost as manj shillings per yard, as there were 
jards in its length; what was the length of each P 

Ans. 10 and. 16 yards. 

5. A. and B. set out from two towns, which were dis- 
tant from each other 247 miles, and travelled till they 
met. A. travelled 9 miles a day, and the number of 
miles walked by B. in a day, increased by 3, was equal 
to the number of days occupied by the journey. Re- 
quired the numb^ of days they were travelliogi and the 
number of miles passed over by each P 

Ans. IS days,. and A. went 117 miles, and B. ISO. 

6. A. and B. having bought 41 oxen, for which each 
of them paid 420 dollars, find A's. worth a dollar a head 
more than B's.; how must they divide themP 

Ans. A. £0, B. 21. 

7. Divide the number 14 into two parts, whose product 
shall be 48. Ans. the numbers are o and 8. 

8. Given the sum of two numbers «:9, and the sum of 
the squares ss45; whatare the numbers P Ans. 6 and 3. 

9. What two numbers are those, whose sum, product, 
and the difterence of their squares are equal to each 
otherP Ans. i+is/5, and i+i\/5. 

9. There are four numbers in arithmetical progression, 
of which the product of the two extremes is 22, and tiiat 
of the means 40; what are the numbers? 

Ans. ^, 5, a» and 11. 

10. There are three numbers in geometrical progres- 
sion, whose sum is 7, and the sum of their squares 21 ; 
what are the numbers? Ans. 1, 2, and 4. 

11. Required to find two numbers, such that the less 
may be to the greater, as the greater is to 12; and the 
sum of the squares may be 45. Ans. S and 6. 

12. What two numbers are those, whose difierence is 
2| and the difierence of their cubes 98 P Ans. S and 5. 
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13. What two numbers are those, whose sum is 6, and 
the sum of whose cubes is 72 P Ana. Q and 4. 

14. Required to find two such numbers, that their pro- 
duct shall be 20, and the difference of their cubes 61 {^ 

Ans. 4 and 5. 

15. Required to divide the number 5 into two siich 
parts, that if each part be divided by the other, the ^um 
of the quotients shall be 2| F Ans. 3 and 2. 

16. Divide 12 into two parts, so that their product 
may be equal to 8 times their difference* Ans. 8 and 4. 

17. There are two numbers, the sum of whose squares 
is 89, and their sum multiplied bj the greater, is 104 ; 
what are the numbers ? 

Ans. Vi/2, and |\/2, or 8 and 5. 

18. What number is that, which being divided by the 
product of its two digits, the quotient is 5^; but when 9 
18 subtracted from it, the remainder is expressed by the 
same digits in an inverted order? Ans. S2. 

19. Required to divide IS into three such parts, that 
their squares may be equidifferent, and the sum of those 
squares may be 75. Ans. 1, 5, 7. 

20. The sum of three equidifferent numbers is 12, and 
the sum of their 4th powers 962; what are me numbers ? 

Ans. 3, 4, and 5. 

21. There are three equidifferent numbers, such that 
the square of the least, added to the product of the other 
two makes 28; but the square of the greatest, added 
to the product of the other two makes 44 ; what are the 
numbers? Ans. 2, 4, 6. 

22. Three merchants, A. B. C., on comparing their 
gains, find they amount collectively, to 1,444 dollars; 
uiat B's. gain added to the square root of A's. m^es 
920 dollars ; and that B's. gain added to the square root 
of C's. makes 912 dollars ;liow much did they seTeralJy 
gain P Ans. A. 400, B. 900, C. 144. 

23. What two numbers are those, whose sum added 

H 
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• 



to the square of the sum, makes 708, aiid whose differeDGe 
subtracted from the square of the difference, leaves 56^ 

Ans. 17 and 9. 

S4. The sum of two numbers is 10, and the sum of 
their 4th powers 1552; what are the numbers P* 

Ans. 6 and 4. 

2^. There are four numbers in arithmetical progression, 
the common difference of which is 4, and their continued 
product 9945 ; what are the numbers ? Ans. 5, 9, 1S» ir. 

26. The sum of three numbers in harmonical propor- 
tion is 191, and the product of the first and last is 4032 ; 
what are the numbers P Ans. 56, 63, 72. 

27. The sum of two numbers added to their product 
makes 31 ; but the sum subtracted from the sum of the 
squares, leaves 48. Quere the numbers P 

Ans. 7 and 3. 

28. Required to find three numbers in continued pro- 
portion, whose sum shall be 26, and the sum of tneir 
squares 364 P Ans. 2, 6, and 18. 

29. Required to find two numbers, whose product 
shall be 320, and the difference of their cubes to the 
cube of their diflference, as 61 to 1 P Ans. 20 and 16. 

30. If 700 dollars be divided among four persons, so 
that their shares maj be in geometrical progression, and 
the difference of the extremes to the difference of the 
means as 37 to 12 ; what will be the several shares P 

Ans. 108, 144, 192, and 256 dollars. 



* In examples of this nature, we may assume letters to denote 
the half sum, and half difference of the required numb^s; 
whence, expressions for the numbers themselves, are readily ob- 
taaned, and these being involved, and thepo\irers added together, 
the odd. powers of the unknourn quantity will disappear; Heneis^ 
if the unknown quantity does not rise higher than the 5th pow- 
er, the solution may be efi*ected by quadratic equations. 
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^1. The sum of»two numbers is 11, and the sum of 
their 5th powers 178S1; quere the numbers ? 

Ans. 7 and 4. 

32. The difference of two numbers is 8, and the dif- 
ference of their 4th powers is 14560; required the num- 
bers?* Ans. 11 and 3. 

33. What number is that, from the square of which, if 
9 be subtracted, and the remainder be multiplied by the 
number itself, the product will be 60? Ans.^ 5. 

34. Required a number, from the square of which, 30 
beins deducted, and the remainder multiplied by the 
number itself, the product shall be 56? Ans. 2-f 3^/2. 

35. The continued product of five equidiff^rent num- 
bers is 945, and their sum £5 ; what are the numbers ? 

Ans. 1, 3, 5, 7, and 9. 



* In this example, assuming for the half sum and half differ- 
ence, we obtain a cubic equation, whence it appears that ques- 
tions of this nature are not generally solvible by quadratics. 
When, however, we have an equation of the form x^-^ax^b; if 
bwsfnn, and m34. a=n,the equation may be reduced to a quadratic. 
For multiplying by a;, and adding m^;r* to each member, the 
given equation becomes x*4-oa!r'^-f-m'a:'— m^ar' + ^ar, or a?*-H 
7m:«— m'ar'H-nmj:, whence, by completing the squares andex- 

_ „ •• ** ** 

tracting the roots, Jf^"r-5--=»w:-f-— -, or x=»m. 

In the above example, x being made » half the sum of the re- 
quired numbers, we find ar^-hlfia:— 455— 7x65 ; where 7*i-16 
»B 65, whence, x^7. If a;' — ax^mtif andm^ — a^n; orifara— ca: 
^ — mn, and a — m^t^rtf the equation may be reduced to a quad- 
ra1^,andxfound»m9n, as before. Butif ar"^ — flxt^nm^ and a-^m^^n, 
or x^ — aar«* — nrn^ and tn^^^a^n,- the equation may be changed 

to a quadratic, from which a. second quadratic x» — mxmt+np 
will arise, whence a:—— = — --J= — • 
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S6. The sum of three numbers in aeoinetrical progt'es - 
sion is 35, and the mean is to the difference of the ex- 
tremes as 2 to 3; what are the numbers ? 

Ans. 5, 10, and 20. 

37. The sum of three numbers in geometrical pro- 
gression is IS, and the product of the mean bj the sum 
of the extremes is 30; required the numbers ? 

Result, 1, 3, 9. 

38. There is a number consisting of three digits in ge- 
ometrical progression; the number itself, is to the sum 
of its digits, as 124 to T; and if 594 be added to it, the 
order of the digits will be Inverted; what is the number? 

Ans. £48. 

Pfomtseuoua examples to exercise the foregoing rules, 

1. What number is that, to the double of which, if 44 
be added, the sum will be equal to 4 times the number 
proposed P Ans. ££. 

£. A gentleman meeting 4 poor persons, divided a 
dollar among them in such manner, that their several 
shares composed an equidifferent series; and the sum 
given to the last was 4 times that given to the first. 
Quere their several shares ? 

Ans. 10, 20, 30, and 40 cents.. 

3. A sum of money being divided among 6 poor per- 
sons, the second received 10c/., the third 14c?., the fourth 
25rf., the fifth 28c?. and the sixth 3Sd less than the firs.t. 
The whole sum divided, was 10 J. more than three times 
what the first received. How much did thej severally 
receive? Ans. 40c?., SOc?., 26(?., 15c?., 12c?., and 7a. 

4. A mercer having cut 19 yards froni each of 3 equal 

frieces of silk, and 17 yards from another of the same 
ength, finds the four remnants together, measure 142 
yards ; what was the original length of each piece ? 

Ans. 54. 

5. A grazier having two flocks of sheep, containing 
the same number; sells 39 from one, and 93 from the 



QUADRATIC EQUATIONS. 89 

m 

other, and then finds one flock twice as numerous as the 
other; what number did each of them contain at first? 

Ans. 147'. 

6. From each of 16 coins, an artist filed the value of 
20 cents; when the coins, being examined, were found 
worth only 11 dollars 68 cents; what was the original 
value of each? Ans. 93 cents. 

7. The hold of a ship, containing 44S gallons, is 
emptied in 12 minutes by two buckets; the greater of 
which, holding twice as much as the less, is emptied 
twice in 3 minutes, and the less, is emptied three times 
in 2 minutes. Quere the number of gallons held by each 
bucket? Ans. 26 and 13. 

8. ^ trader maintained himself for 3 years at an an*, 
nual expense of ^50; and in each of those years, aug- 
mented that part of his stock which was not expended 
by -J thereof. At the end of the third year, his original 
stock was doubled; what was that stock? 

Ans. ^740. 

9. What number is that, which being added to, and 
subtracted from 36, the sum of the cube roots of the re- 
sults shall be 6 ? Ans. 28. 

10. Required to find a fraction, to the numerator of 
which if 4 be added, the value will be 4; but if 7 be add* 
ed to the denominator, the value will be ^? Ans. ^. 

11. What two numbers are those, whose difference, 
9um, and product, are as the numbers 2, 3, and 5 respec- 
tively ? Ans. 10 and 2. 

12. A vintner having mixed a quantity of brandy and 
water, finds that if he had mixed 6 gallons more of each, 
he would have had 7 gallons of brandy for cvery.'6 of wa- 
ter; but if he had mixed 6 gallons less of each, he would 
have had 6 gallons of brandy for* every 5 of water. Quere 
the number of gallons of each ? 

Ans. 78 of brandy, and 66 of water. 

13. A. and B. together, are able to perform a piece of 
work in 15 days; uter working jointly 6days,B« finishes 

H2 
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it alone ia 30 days ; in vhat time would each of them 
singly effect it P Ans. A. in 2l| days, B. in 50 days. 

14. A company of smugglers found a cave which would 
exactly hold their cargo, viz. 13 bales of cotton, and 33 
casks of rum; but while they were unloading, a revenue 
cutter appeared, on which tney sailed away with 9 casks 
and 5 bales, having filled | of the cave ; how many bales, 
or how many casks would the cave contain P 

Ans. 24 bales, or 72 casks. 

15. There are two numbers, whose sum is to their dif- 
ference as 8 to 1; and the difference of whose squares is 
128; what are the numbers P Ans. 18 and 14. 

16. Required those two numbers, whose sum is to the 
less as 5 to 2 ; and whose difference multiplied by the 
difference of their squares is 135 P Ans. 9 and 6. 

17. A merchant laid out a certain sum upon a specu- 
lation, and found, at the end of a vear, that he had gained 
^69. This he added to his stock, and at the end of the 
second year, found he had gained as much per cent, as 
in the first. Continuing m this manner, and each 
year addhig to his stock the gain of the preceding, he 
found at the end of the fourth year, that his stock' was 
to the sum first laid out, as 81 to 16. Quere the sum first 
invested P Ans. ;8 13 8. 

18. There arc two pumbers, whose sum is to the 
greater as 40 is to the less, and whose sum is to the less 
as 90 to the greater; what are the numbers P 

Ans. 36 and 24. 

19. The area of a rectangular parallelogram is 960 
yards, and the length exceeds the breadth by 16 yards; 
what are the sidesP Ans. 40 and 24. 

£0. The area of a rectangular parallelogram is 480, 
and the sum of the length and breadth 52. Quere the 
sides P Ans. 40 and 12. 

21. The sides of a right angled triangle, form an equi- 
different series, whose common difference is 3; what are 
the sided P Ans* 15^ 12 and 9. 
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32. There are three numbers, the difference of whose 
differences is 5, their sum is QO, and their continued pro- 
duct 130; required the numbers? 

An8.2« 5,and.lS. 

53. The sum of three numbers is SI, the sum of the 
squares of the greatest and least is 137; and the diffe- 
rence of the the differences is S. Quere the numbers? 

Ans. 4, 6, and 11. 

54. There is a number consisting of two digits, which 
divided bj the sum of its digits, has a quotient greater 
by S, than the first digit. But, the digits being inverted 
and divided by the sum of the digits increased by unity, 
the quotient is equal to the first digit increased by 4. . 
Quere the number? Ans. £4. 

55. Required to find four numbers in geometrical pro- 
gression, whose sum shall be 15, and the sum of^the 
squares 85? Ans. 1, S, 4, and 8. 

56. There are five numbers in geometrical progression, 
whose sum is S4S, and the sum of their squares S95S4 ; 
what are the numbers? * Ans. S, 6, 18, 54, 16S. 

sr. There are six numbers in geometrical progression, 
the sum of the extremes is 99, and the sum of the other 
four terms is 90. Quere the numbers? 

Ans. 3, 6, IS, S4, 48, and 96. 

28. The American dollar consists of 1485 parts by 
weight, of pure silver, and 179 of copper. Qaere the 
specific gravity of this dollar, the specific gravity of pure 
silver being 11092, and that of copper 9000? 

Ans. 10821. 



Section VIIL 

ON RATIOS. 

61. Ratio is the relation that two quantities of the 
same kind bear to each other. 
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Ratio is estimated by the quotient arising from the divi- 

<t c 
sion of the first term by the second. Thus, ^^ "r = ^» ^ 

is said to have the same ratio to 6, that c has to d$ or the 
quantities a, 6, c, rf, are termed proportionals; which is 
briefly expressed thus, aibiicid. 

The first and third terms arc called anteeederUa, the 
second and fourth comequents.* 

62. When four quantities are proportionals, the pro- 
duct of the first and fourth is equal to the product of the 
second and third; and reciprocally, 

a c 
If -r- =*'j » ^y multiplying by bd, ad^bc. 

Reciprocally, if ad^^^bc, rj=rj> or t- = — 

63. When four quantities are proportionals, the sum 
of the first and second is to the second, as the sum of 
the third and fourth is to the fourth. 

,^ a c a c , ^ a+6 c+d 

Or, a-\-b : 6 :: c+(f : d. 

If the word difference be substituted for sum, the pro- 
position will still be a true one. 

^ a c a . c . a^b c^d 
For-g-=-j..-. j-l^-j'l. or -g ^. 

Or, o-rft : 6 : : c^d : d. 

64. If four quantities be proportionals, the sum of the 
first and second is to their diiKrence,,as the sum of the 
third and fourth is to their difference.' 



* The terms are sinularly de«i|^ated when more than four are 
concerned. 
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For by the last article, -^=-^, and -r— = -t- 
^ b d ^ b d 

And dividing the former by the latter, 

a+b c+d , ,. ,. I ^ J 

— r= — T5 or a+b : a^b : : c+d : c^rrf. 
a^b c^ 

65. When any number of quantities are proportionals, 
as one antecedent is to its consequent, so is the sum of 
all the antecedents to the sum of all the consequents. 

Let aib :: ci'd i: e :/:: g : hj &c.> then (art. 62.) 

adsxbc, qf^be, ah^bg, &c., also absaba. 

.*. ab+ad+qf+ah, &c. s=ba+bc+be+bg, &c. 

Or, ax{b+d+f+?h &c.}^bx{a+c+e+g, &c.} 

.•. (art. 62,) a : 6 :: (i+c+e+§r».&c. : b+d+f+h, &c. 

66. When four quantities are proportionals, if tlie 
first and second be multiplied or diviaed by any quan- 
tity, and likewise the third and fourth, the resulting 
quantities will be proportionals. 

If a : : : c : a, -t-*=-j » but -r =»— r ; 

b d b mb 

^ , c nc ma nc i j 

And -r«— ,, .'. — 7=— II or ma immune: nd. 
d nd mb nd 

The demonstration is manifestly applicable when m 
and n are, one or both, fractional numbers. 

67. When the first and third of four proportionals, 
are multiplied or divided by any number, and also, the 
second and fourth, the resulting quantities are propor- 
tionals. 

_ a c \ mM mc , ma^mc 

b"^ d * ' b d nb '^nd 

Or, ma inb ixmci nd, m and n being any numbers, 
either integral or fractional. 
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68. If four quantities be proportionals, the like pow- 
ers or root^ of these quantities will be proportionals. 

Kaibiiei (/, then t-^-t* *»d t-=b t- 

X X 

Also, "x— -T» or 0* : &• ; : c« : rf". j 

6« d!» 1 



XX -I. ,i 
And a» : 6» : : c» : a". 

69. A ratio compounded of several ratios is indicated 
by the continued product of the quantities which denote 
the component ratios. Thus, the ratio compounded of the 
ratios of a :b,o{ e:d, and of e ify is indicated bj 

a t e act 
-^X-jXj,org^ 

• 

The ratio which the £rst of a series of quantities^ of 
like kind, has to the last, is the same as the ratio com- 
pounded of the ratios of the first to the second, of the 
second to the third, &c. to the last. 

Let a, 6, c, dy e,/, be quantities of a like kind, then 

a ^a h c d e 
b c d e f 

70. In two ranks of proportionals, if the correspond- 
ing terms be multiplied together, the products will be 
proportionals. ^ 

Let aib::c:d,e:f::gih. 

Then -=i. -i=^ .??-££ 
"®^ b d'f h "bf-^dh 

Or, ae : bfii eg : dh. 

The demonstration may be easily applied to any num- 
ber of proportions. 

7L A ratio compounded of two, three, four, &c. equal 
ratios, is called the duplicate, triplicate, quadruplicate, 
&c. of one of the component ratios. 
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The ratio compounded of any namber of equal ratios 
is the same as the ratio of such power of the first term, 
as is indicated bj the namber of component ratios, to a 
like power of the second. 

Let a:b iib : c, then -r-a= — 

c 

.•. (art 67,) r^=r-=*— » or «■ : 6* : t a : c. 

^ ' 0* be c 

m 

Again, leta:bi:b:c::cidi:die, &c. 

n equations ; and multiplying the first and second mem- 
bers respectively together, 

a* a b c ^ * _ <* 

Or, o» : 6* : : a :/. 

72. When the ratio of the first of three quantities to 
the second, is the same as the ratio of the second to the 
third, the ratio of the first to the second is termed the 
sub-duplicate of the ratio of the first to the third. 

When four quantities are continued proportionals, the 
ratio of the first to the second is called the sub-triplicate 
of the ratio of the first to the fourth. 

A ratio compounded of a sipple and sub-duplicate ra- 
tio, is called a sesquiplicate ratio, 

73. The sub-duplicate ratio is equivalent to the ratio 
of the square roots ; the sub-triplicate, to the ratio of the 
cube roots; and the sesquiplicate, to the ratio of the 
square roots of the cubes. 

Let axbxxbxciicxd. Also, 6 : e : : e : c. 

First, (art. 71,) t: =— » •*• t""*-^* or a ; 6 : : a* : c . 

' 6« c 6 ^ 
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a (^ p 1 i 

In like manner, -r =B-rt or a : 6 : : a : d • 

Also, since hiewexc^ and aihiicid. 
> e.=,6c-ad. (art 62.) Butg-.= 5=^5-^ 

,., —as—, or a' : 6^ :: a : c, in which the ratio of a : e> 
6l « 

is compounded of the ratios of a : 6, and of 6 : e, or of 
the ratio of a : 6, and jthe sub-duplicate of the ratio of 

b 2C. 



ON THE VARIATIONS OF QUANTITIES. 

74. In the investigation of the relation which varying 
and dependent quantities bear , to each other, i;he conclu- 
sions are more readily obtainetf, by expressing only two 
terms in each proportion, than by retaining the four. 
3ut though, in considering the variation of such quanti- 
ties, two terms only are expressed, it must bs remember- 
ed, that four are supposed; and that the operations, by 
which our conclusions are obtained, are in reality the 
operations of proportionak. 

75. One quantity is said to vary directly, as another, 
when one is such a function* of the other, that if the 
former be changed, the latter will be changed in the same 
ratio. Thus, if B be such a function of j2j that by chang- 
ing AioUfB shall be changed to b; making Aiaii B :o. 



* The Junction of any variable quantity a?, is an alg^ebiaic ex- 
pression, in which x, combined with invariable quantities, is in- 
volved. Thus, 1-^x, (1+xy, ax, a?», a«, &c. are functions of x. 
Analysts sometimes use the Greek letter t* to denote a function. 
Thusy ^ may represent any function of x. 
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•^ is said to vary directly as S. This relation is de- 
signated thus, A^B. 

76. One quantity is said to vary inversely as another, 
when the latter is such a function of the former* that the 
one being increased or diminished, 'the other will be di- 
minished or increased in the same ratio. Thus, if j9 be 
such a function of w^, that by changing Jl to a, B be- 
comes changed to b; making A : aiib : B. Then A is 

1 
said to vary inversely as B, Indicated thus, •^oc -» 

77. One quantity is said to vary as two others jointly, 
when the two last are such functions of the first, that, 
the ratio which any two values of the first bear to each 
other, shall be the same as the ratio compounded of the 
ratios of the corresponding values of the other two. 
Thus, 4^ varies as B and & jointly, {AccBC,) when .^ 
being changed to a, B changes to 5, and C to c, so that 

a ""6 c 

78. One quantity is sal,d to Tary directly as a second, 
and inversely as a third, when the ratio which any two 
values of ttie first bear to each other, is the same as the 
ratio compounded of the direct ratio of the correspond- 
ing values (^ the second, and the inverse ratio of those 
of the third. 

Thus, A varies directly as B, and inversely as C, 

B 

{Jloc T7,) when ^9 Bt C$ a, 6, e, being corresponding values, 

A B c^ 

In the following articles, A, B, Cy &c« represent cor- 
xesponding values of any quantities, and a, o, c, &c. any 
other corresponding values of the same quantities. 

79. If A^B, and m, n denote any given numbers, 

B 

Then AocmBoc-" 

n 
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„ . Jl B .BmSkBJimB\B 

For since ^=y, andy-;jjjj^«^; --^j^-^-ig 

80. If j«ocJ9, then ^*ocB*; and ./f'oc 5». See art. 68. 

81. If w3oc5, and Ca/), then JlCccBD. Sec art. ro. 

8£. If .^aJSC, then jBoc^ , and Coc j 

^ A B C At B B A ^c .^AL 

a h c aC b b a C ^ C 

^, Ab C C A b .^ A. 

From the three preceding articles it appears, that 
quantities connectea by the sign a» may be treated as 
tne members of an equation, as far as multiplication, 
division, involution or evolution id concerned. 

83. If w^ocC, and BccC, A and B being quantities of 
the same kind, then {A±B)oc€, and ^ABocC. 

„ . AC .SCAB A a 

For since — «— , and --=8—/ — =•—. .•. -^a=-- 
a c b c a b B b 

A j*^.. «^^ -^^^ o±b A±B B C 

And ;g ±i»j±i, or -5r=-5-. .-. -^5-=y=- 

Again, since wiocC, and 5ocC, (art. 81,) ABocC^. 

.•. (art. 80,) x/ABocC. 

84. If while A and B vary .^^s a constant quantity, 

w9a^, and iJcc-^- 
For since AB^ab^ ""**^» (-^^ »">) 

.--B ,-B ly 

And3.=;j (B0C3..) 



^ Sbction IX. 

OF SERIES. 

85. From the nature of powers, (art. 14,) we readilj 
discover that any two powers of the same root, multi- 
plied together, produce a power indicated by the sum of 
the exponents of the factors; thus, a^M^^a^', a^X.a''^ 

On the other hand, -==« , ^ ^ ^ ^aa^a\ -;««* *• 

Or 1.0. a.a M 

a* o* 1 
Suppose n^m-\rVt then -=^^^<^- 

But in this case tn^— »*= — v, if then -— can be always 

denoted by a»""» ; ar^ must be equivalent to — 

Considering the consecutive powers of a given root a 
as the terms of a geometrical series, extending at plea* 
sure, above and below unity. 

1, i.. i. 1, 0. a.. «.. &C. 

Or Or a 

Or the equivalent series, or', «-», a-S o^, a*, a», a*, &c. 

The index denotes the order of the term beginning 
with unity, and making; the indei positive or negative, 
according as the quantity is above or below the point of 
commencement. 

86. Between any two of these terms, let n— 1 mean 
proportionals be interposed, ex. gr. between ^ (^alO and 
o, calling the first x, then (art. 71,) 1 1 a : : 1* : ar* : : 1 : a?». 
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Qur serieg then becomes, (x® being alasa*.) 

;rr~9n «*•— »— 1 « » ■'—» ?n~* i*"* nf^ i»* /*»• • 

Now, the product of any two terms of this series is, 
manifestlj, indicated by x, with an exponent equal to the 
sum of the exponents of the factors, as a:»xa?**4-*=aaj«»+*; 

1 a?» a?» 

ar»+* 1 

sBX'i+^-i- — =x*+*xar«=ar«»+*«ax«+H-». 

If for X and its powers we write a* and its powers, the 
series, though changed as to the tbrm of its exponents, 
evidently retains the same essential character, and the 
operations of multiplication and division are performed 
by taking the sum and difference of the exponents of the 
factors, whether those exponents are positiye or nega- 
tive, integral or fractional. By thus arranging the pow- 
ers as the terms of a geometrical series, we perceive that 
the exponent, whether integral or fractional, serves 
not only to designate the power, but to indicate the si- 
tuation of the term, in relation to the unit's place. 

87. From these principles we readily infer, that any 
letter or Quantity may be removed from the denomina- 
tor of a traction to its numerator, and vice versa, by 
changing the sign of its exponent. 

Thus, ~«^ x4«a3r»* 

88. It frequently happens in the division or evolution 
of algebraic quantities, as well as in common arithmetic^ 
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ft 

that to whatever extent the process may be continued, 
a remainder will still occur; in which case the resulting 
quotient or root, mostly assumes the form of an infinite 
series. 

. Thus, ; aBl+a?+af»+aj»+at*+, &c. to infinity. 

1— a? 



ft» 6* . 6« 56» 



In some instances, when a few terms of the series are 
obtained, iht law of contimuxtion, or the relation of the 
successive terms to those which precede them, becomes 
manifest The first of the series above given, may be 
readily continued to any proposed extent. The law of 
continuation in the last is not obvious on first view; it 
will, however, be shown further on. 

89. In-^e investigations connected with series, the 
method of indderminate co-efficients is often found par- 
ticularly convenient It depends upon the following 
theorem. 

Let Ax+Bx»+Cofi+Dx*, &c. ^ax+bx^+cx^+dx*, 
&.C., the series being both infinite, or, if finite, extending 
to the same number of terms ; and J?, B, C, a, b, c, in- 
variable ; if then the above eauation be true, whatever 
value may be assigned to a?, w? will be equal to a, J^a^, 
&c; for aividing by x, we have 

Jl+Bx+Cx'^+Dsf,&ic.^a+bx+cx'^+da^, &c. 

Now, the equation being true for all values of Xy must 
hold if x^O, in which case, the equation becomes A^aa; 
subtracting this equation from the given one, 

Bx+Cx^+Dx\ &c.«ar+6a:*-fcar«, &c. 



* When the succesnye terms of an infinite series continually 
decrease, it is called a converging series; in which case, the sum 
of the series may be approximated by collecting a finite number 
of tennst 

12 
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DividiDg by a?, B+*Cx+Dx^f &c. ssb+cx+dx^, &cv 
Whence, if a?a»0, Bsmb. 
In the same manner Csac, D^^d, &c. 
This equation becomes by transposition, 
Jix+ Bai'+ C3i<^+Dx*+, &c. 



-^-<w>— ^a?® — ca?*— Ja:*+ 



:£l-»- 



Hence it appears, that when all the terms of a geae- 
ral equation are brought to one side^ the co-efficients of 
the several powers of the unknown quantity are respec- 
tively equal to 0. 

This principle is applied in the following examples. * 

!• Required to express r — ■ • in a series. 

It is easy to perceive that the first term must be 1. 

Assume then - — r — r— ^aasl-}-aa?-f 6ar*-|-«c'-f (fe*,&c. 

Multiply by l^~r^+x% and bring the terms to one 
aide of the equation. 



Then, 'i+ax+bx^+exi^+dx*+, &c. 
— ^ — 2ax»- 
—1 +a?'+aa:®+ftar*-f, 



^e3if^+dx*+, &c. y 
»— 26a?3_2car*— , &c. I :^0, 
aa:8+6ar*-f, &c. J 



Hence,a— 2s0,6 — 2a+l=:0,<>— 26+fl^0,(/— 2c-l-6=e. 
/. 0=2, 6»4— 'IrsS, c=6— 2=a4, rf=8— 3=5. 

^'*®^^^' l—2x+x^ ««1 + to +Sx^+4x^+5x^+, &c, 
in which the law of continuation is manifest. 



^ Required to develope v^a^+o?^, in a series. 
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\ 



^/a«+a:«*v'(a»Xl+J')=-«^(l+^)==«v/l+^^ 
Putting -^-x^' 



Assume s/i+z'^^l-\-az*+bx*+ez^+dz^+» &c.* 

Bj involution and transpositioBy 

l+^z»+^z*+2c2fi+tdz^+2ez*^+, &c.^ 

a''z*+^bz^+Qacz''+2adz^'', &c. Isa^O, 

b^z^+Qbcz^\ &c. J 

.-. 2a— 1=0, 26+a»=0,2c+2a6n=:0, 2rf+£ac+6»ssO,&c. 

Whence, a=-i, &_1, c«l, cf=-^.e=^ 

i . . 1 . 5 _ 7 



Consequently, 

ar» a^ 3^ 5^ ya?^° 
^"'"Sa Sa^'^lBa* l^Sa""*" 256a«' ^' 

To find, if possible, the law of continuation, we ob- 
serve that 



""8^2^ 4 ' 16""2^ 4^6* 



5 1—1 — 3^-3:5 X— il'lll ~^ — ^ 
128'* 2 ^ T"^ 6^8' 256" 2 ^ 4 ^ 6 ^"T 



xi^ 



* if the series 1-f 024.6x9 +cz% &c. had been assumed, we 
should hare found a— 0, c-^O, &c. 
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90. Required to express ?!!Z3L in a series, n being w 
integral number. 

Z-sr— X «a?«-* X -; — r 

«— y a? j^_y 1— ar 

X 

Assuming z-f 

Now, if be resolved into a series, it is manifest 

1 — z 

the first term will be 1. 

And therefore, 2-asa?»-*x-T resolved into a 

X — y 1 — z 

series, will have its first term x^^K 



1^ 



X 



1 — t?' 



Agam, ^^^ aa^X 2_.aa:y*-*/s-; , 

^ X — y y--aj y £. 1— i; 

making vaa — , which resolved into a series, will have its 
first term y*"*. 

Whence it appears, that if — ^^^ be resolved into a 

x—y 

series, the first and last terms will be a?*-*, and y«""* re- 

pectively. 

1— ar* 

Assume then ==l+a5r+62:'+....j05:»-»+g2:«-^ 

Multiply by (1—2',) and transpose 1 — z\ whence, 
l+az+bz^+cz\ joz»-3+g2r«-S *) 

—1 H-;y",J 
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••• (art. 89,) o— leaO, 6— asssO, c— 6«=0, /)— ms=sO, 

jju— ifi ■ ■* 

Whence, a?" — y«sK(a>— y)x{x»-*+a?»-«y+ar*-8ya. 

Here the indices of x descending regularly from n— 1, 
to 0, or n^^n, it appears the number o? terms in the se- 
ries is n. 

91. Required to develope (1+^)* in a series, n being 
a whole positive number. 

It is easy to perceive that the first term of the serie9 
is 1. 

Assume then> 

(l+a?)*=s:l+aa?+6a?»+ca5»+cte*+, &c. (Jt.) 

Consequently, (1 +y)*=l +ay+by^+cy*+dy*, &c. 

By subtraction, (1 +x)* — (1 +y)«=a(jp — y) +6(a?'— y*) 
+ c(a?8 — y8) + dix*"^^ &c. 



Divide by l+a? — \+y^x — y, and we shall have 

X — y x^^ ' 

b( ^)+d( ^) &c. 

^ — y ^ — y 



Or (1 +«?)*-» +(l+a?)*"-^Xl+y(l+y)"-i 
«:a+6(ar+y) +c(ar«+ay +y'') 
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This equation being truc^ whatever value may be as- 
signed to X and y, let us suppose a?say, then this equa- 
tion becomes 

(art. 90,) n.(l-f a?)»-*«:a+26ar-^3ca:«+4lfa?8-|-5ea?*,&c• 
Multipl7 by (1+x) 

/. n.{l+xy=sa+^x+Scx^+4dai^+5ex*f &c. 

ax+^x^+Sc3if^+4dx*, &c. 
But (eq. ^.) 

n,{i+xy^n+nax+fiba^+ncx^+ndx*, &c. 

Consequently, a^n, ftsBO,-— -a-n.— 5— , 

- n — 2 n — 1 n — % , »>— 3 f^— 1 n— 2 n — 3 
3 2 3' 4 234 

np— 4 n^— In — 2 n— 3 n— 4 
5 2 3 4 5 

Hencei (a+6)^»a*x(lH — )•= 

b n 1 &» 

a 2 a' 

«" + na*"^ b + n.-— -a«-»6» +n.— —■.-—— a'-^^s + , &c. 

When n is a whole positive number, as here supposed, 
the series is finite; the number of terms being n-f-1 ; for 

thb co-efficient of term n+2 is 

ti^— 1 w— 2 H— fl 
2 3 n+1 

If.(a — 6)" be required, we may put —6 and its pow- 
ers for +b and its powers. 

91—— 1 

Whence, (a— 6)*as;a»—na*"*6+n.--^a» ^b' — 



• --^^-'«'"*-»'"- 
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n— 1 ^►-^2 .,, . w^— In— 2n— S " , . 

m - 

92. Required to develope {l+x)n in a series. 
Assume (l+a?)n =al+aar+6««'+ca?'+dir*+ca!?*,&c.(A) 



m 



Then {l+y)n^t+ay+by^+cy^+dy^+ey*, &c. (5.) 
Put {l+xfssv, (l+y)"sB:ti?,thenl+a?=:«M+y8=w«, 

m m 

(l+a?)n=r:V», (1+y) naastl^*. 

Substituting these expressions in equations .l^and B^ 
and subtracting, we have 

d,(jxi^ — y*)+, &c. 
/. (art. 90,) (t^— 11?) X {t>*-* +t;*-^. w«-i } = 
(a>-^) . {a+b{x+y)+c.{x»+xy+y^)+ 



But a?— y«= 1 + a? — 1 +j^ v» — tt>» = (t>— m?) x 

•% Dividing the last equation bj this^ we have 

i,n-i +t>«-flti;-f t;"-'^t£;^ if?«-i =^+ (^+y)+ 
c(a?»+a?y+y^)+rf(a?8+a?*y+a:y^+y«), &c. 

Now, suppose xssy^ whence v^bsw, and our equation 
becomes (art. 90,) 
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Multiply bj v*^l+Xy and we have 

mm *" 

«.t;-=^.(l+a?)n«fl+2ftar+3ca?«+4(/a?8+5ftr*, &c- 

But (equation Ji,) 

Hence by equating the homologous co-efflcient^ 



-2 



!:^ I m 






« 2n ' 3 

5^3 
in wi^— n yyin-«2n ^ . n _m m — ^nm — 2fi iyi — S» 

n' 2n * 3w * ""^-""X" n' 2n ' Sn '"In 
.Hence, (a+6)««ali.(l-j — )« = 

an.li + — • — I- — , , — , , . . &cA 

^ ^n a^n 2n V^« 2w Sn V ^^'^ 

93. In the Dreceding inyestigation m has been sup- 
posed to be amrmative: if we now take m negative, and 
make the same assumptions as before, we have 

tr-V-^^£r-«r= — — : sBs— — .t;»— to*"* 



(w — t£?).{t;«-"i +»"""*«;. M^-i } 
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Whence, dividingby n.v — w, and assuming o^sssy, 

^ X =t)»-* {a+2fta?+Scx»+4(fe»+, &c.J 

.% Multiplying by v, and putting 1+^ for v\ 
m 

tf+2fta?+Scaf»+4(b?», &c. 



Now multiplying equation Ji by — » jand equating 
the homologous ca-efficient% 



asc > &« X 



Ti* n 2n * 



c= - — X — :z X — -'f &c. 

* 

Whence it appears that the formula is correct wheth- 
er the index be positive or negative. This is Newton's 
celebrated binomial theorem. 

94. By the aid of this theorem, a binomial may be 
raised to any power, or evolved to any root by simple 
substitution. 

Several examples of the use of this theorem, when the 
index is a whole positive .number, are given in section 
second. 

a* 
1. Required to develope ^ . >^ in a series. 

N 

Here m^^^ft, n»d. 



f 
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^ a' S a S 6 a* 3 6 

2a? . 5a?» 40a?» . llOor* « 
3^ 9a 81a»^243a^ ' 



2. What is the value of ^a^'+b in a series P 

. ,5 6« 56« 106* 

^^*- ''+35""97*"'"8l5"~243S^' *'''• 

3. What is the value of v'— l in a series ? 

^"''- H +2?+8i*+l655+12858' *^''- 

4. Required the vaiUe of (o-^)^ in a series. 

. Result) a*.{l- 



5a 25a^ 125a* 
266* 4686* 



625o* 15625a* 



, &c.} 



5. Required y/ in a series.* 



Result, IH — +Tr-a+:r^+Tr-r+s-T' &«. 
a ^2a»^2a»^8a* 8a* 



• This quantity ia reducible to 

a« 



-»— - 
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6. What is {j—V in a series ? 



REVERSION OF SERIES. 

95. Given z=a.+- +^^+^^+^^^ &c. to in- 

finity, to find x iq terms of z. 

Assume x^az+hz^'\-cz'^+dz^+i &c.'^ 

Then —= -——{-ahzt^+acz^y^c. 

b^z* . 

2.3 2.3 ^ 2 ' 

2.3.4 2.3.4 ' 

1 1^ 

24"" 4* 

z^ z^ z* 
Whence, x^z — t-4-5 — -j+t &c. where the law, of 

continuation is manifest. 

z^ z^ z^ 

2. Given xsx z 4- — « &c. to find 

z 2 3 -r 2^3^ 5 2,3.4.5.6.7* 



z in terms of x. 



112 
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Let z=ax+b!tfl+ex'+tbi' 



Then 



fS 






a^b 



^ 



ab' 



a?7. 






a^'c :. 



2.3.4.5 



a* a*6 



5>=.o. 



2.3.4.5 



2.3.4 



/i^ 



2.3.4.5.6.7 



2.3.4.5.6.7 



X''. 



'X, 



1^ ^ 1 1 _ 1.3 

.-. a— , — ^^^, «— 2,3.2 2^.4.5"'2.4.5 



d-.4-4 ^^ 



1.3.5 



2.4.9 ' 2.8.5 4.9.4^2.3.4.5.6.7 2.4.6.7 

Hence* af=a?+ 1 4- < * 1- , occ. 

* ^2.3^ 2.4.5^2.4.6.7^ 2.4.6.8.9' 

3. Required to, revert the general series a?aaray+i^y*+ 

cy»+rfy*, &c. 

I- 

Assume yssdx+Bx*+Cx^+JDxS &c. Then 

ayzss^ax+£aai^+Cax^+Dax^, &c. 

^>y«= M»ar«+26^i5a?8+(5«ft+2^C&)a:*,&c. 

cy«=: ^ cw^a:«+3.5»i?ca?*,&c. )>==0. 

—a?. 
.-. (art. 89,) w«=:;— . iB«— ~» C^=^'~^^ 



a 



a' 



a^ 



i)=: 



563..5^c4.a^(f 



a 



e 



.t^„ ' -' ~- 



*■ i"T ■friTJMigM'i''?r?pf^-^°'''^°^*'"*' 



f 



SERIES. "^ 113 



SUMMATION OF SEBIES. 

96. Infinite series are sometimes of such nature, that 
a quantity can be found, to which the series continually 
approximates, and to which, without attaining perfect 
equality, it arrives more nearly than by any assignable 
difference. The quantity to which the series, by con- 
tinued extension, thus approximates, is called the sum.of 
the infinite series. Thus we say, .3333, &c. to infinity 
ss-^^ for no number less than \ can be assigned, whicn 
the series may not, by extension, be made to exceed. 

Required the sum of l+^+a^'+a?^ to infinity, x be- 
ing supposed Z.1* 

Put ya=l-fa?+ar*+a!?^, to infinity. 

,*. a?y«x+a:r*+a?% &c. to infinity. 

Andy— ay=l. ,%y^j— 

2.' Required the sum of l+2a?+3a?*+4a?'+5ar*+, &c. 
to infinity, supposing a;Z-l* 

Put y«l+2a?+3a:«+4ar3+5a?*, &c. 

.'. — 2ay= — ^2a>— 4a?'— 6a^— .8a:*, &c. 

And a?*ys3a?«+2a?3+3a:*, &c. 

Adding these three equations together 

y— 2aJ2/+57"y=*l. 
11 



* The character ^ is used to express inequality, the opening 
being presented to &e greater quantity. 

R2 



^i 



• », • ♦ 
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3. Required the sum of 7^+5-5+0-^. &c. to infinitj. 

\%M M*^ «j«4 
1111 

Assume a:3»l+ — -}- ^4--- +x+> ^* *^ infinity. 

« 

'rhen«-l-i+l+i+i+4.&c. 

Subtract the latter from the former, and 

1111 
l=s--,4.---+— -4.---^ &c. the sum required. 
1.2 2.3 3.4 4.5> ^ 

4. Required the sum ^^J^^'^'^JX^JX:^' *® ****"*' 

ty. 

t " 

mk 1 1 1 1 

By last example. l«= _ +^+3^+-. &c. 
Subtract-. ..._=_+_+_+-. &c. _ 
By subtraction i-^+^+^+5|;g,&c. 

required. 

The student who desires to pursue this sutgect, may 
consult Wood's Algebra, Article 411, &c. 



J 



DIFFERENTIAL, METHOD.; 

97- In any series of quantities, a, h^ c, d*, e, &c., if 
each term be subtracted from the next following one, 
and each term of the series of differences be taken from 
the next, and so on, the following series will be obtained. 
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• Ist differences* 6— a, c — b, d — c, e — rf, &c* 
^ 2d diff. c— 26+a, d—f^c+b, e— Se^+c, &c. 
Sd diff. d-^Sc+Sb — a, e— 3(f+$c — b, &c. 
4th diff.>— 4(f+6o— 4ft+a, &c. 
Or these, 1st diff. — «+6, — 6+c, — c+(f, &c. 
2d diff. a--26+c, 6 — 2c+rf, fitc. 

^ Sd diff. — a-^Sb — Sc+d, — b+Sc — Sd+Cj &c. 

4th diff. a— 4&+6o— 4(f+e, 

5th diff. — a+5fr— 10c+ 10(^5c+/, &c. 



By a little attention to these expressions, and a com- 
parison of their formation with the powers of a binomial, 
we perceive that if ^ be taken to denote the first term 
of any (the nth) order of differences, 

±Jlssa — ^no-f©.— — c— n.— — . -r— «> &c. 

the sign + being used when n is an even number, and 
— when n is odd. 

If the differences of any order viinish, any one of the 
terms may be found by means of the others. 



. Suppose the 4th difference a — 46+60— 4rf+e=0, and 
B was not known, we should find, 



4J)+4d—a+e 

C m ^ . 



98. Let 2>, 2), J), A &c. denote the first terms of the 

1 S 8 4 



I .' 'I I pe=g 



* By this method the computers of the Nautical Almanac ve- 
rify their calculations of the moon's longitude, latitude, &c. 



.1 
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Ist, 2d, 3d, 4th, &c. orders of differences; viz. iJsa— a+6/ 



1 
/>--a— 26+c, /)=:— a+3Z>— 3c+rf, />«:a— 4J+6c — ^d 

8 8 4 

+e, &C.5 then we find b^a+D, cassa+2Z)+A d=a+ 

1 IS 

3JD+3Z>+A c=a+42)+6iD+42>+Z). 

^13 8 1 fi 8 4 

Hence, the n+Uh term of the series 

asa+njD+n.-— -//+n.— 3— .-— — //, &c. 
Consequently the nth term 

s=a+n — l.//-f n — 1.— — -Zz+n — ^*'"7r-'—^-^» &c. 

1 * 2 2 203 

t. Required the nth term of the series of odd num- 
bers, 1, 3, 5, r, &c. 

Here the Ist diff. are 2, 2, &c.; 2d diff. 0. 



.*. the nth term =l+2.n — l=2n — -l. 

99. Required the sum of n terms of the series a, b, c, 
dy &c. ' ' 



This is manifestly the same as the n+lth term of the 
following: 

0, 0+a, O+a+6, O+a+6+c, &c- 

Hence bj the last article, the required sum 

. n— 1 rk . ^*'— 1 ^ — 2 Vv . n — 1 n — 2 n — 3 -, 

&c. 

1. Required the sum of n terms of the square num- 
bers, 1, 4, 9, 16, &c. 

Here a=:l, Z>=3, 1)^%D^O. 

1 A 8 
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.% the sum 

f»— 1 ^ . n — In — 2^ n.w+1.2n+l 
^223 1.2.3 

2. Required the sum of the cube numbers, 1, 8, 27, 
64, &c. continued to n terms. 

Ans. (w.-2~) 

5. Required the sum of 25 terms of the series 1, 3, 5, 
7, &c. Ans. 625. 

4. Required the sum of 15 terms of the series 1, 16, 
81, 256, 625, 1296, &c. Ans. 178312. 

When the differences at length vanish, any term of 
the series, or the sum of any number, may be accurately 
determined by the methods used in this and the preced- 
ing articles : when the differences become small, but do 
not vanish, a near approximation can be made. 

100. In article 98, the number n is supposed to be an 
integer, in which case, if the differences vanish, the rule 
is demonstrably correct ; the same formula is, however, 
applied to the case wh^re n is fractional. 

Suppose a series />, q, r, s, &c. of equidifferent quan- 
tities and another series, a, 6, c,d, &c., such that the terms 
of the latter shall be similar functions of the correlative 
terms of the former. It is proposed to find a term y^ in 
the latter series, corresponding to t; in the former; v — p 
being given. 

Let q — p : v — p : : 1 : a?, and take as before, Z), 2>, 2>, 

13 8 

&c. the first of the 1st, 2d, 3d, &c. differences. 

Then assuming the series, (art. 98,) 

mx a>— 1 rx a>— 1 0?— 2 ^ « 
y=::a+xD+x.'---B+x.—r-^.—z — Z?, &c. 

1 » 2 2 ,3 3 

This gives, when ars&sO, yssa, a?=l, yssa+D, x^% 

1 
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ys^a+QD+D, &c.; but these expressions equal b, c, &c. 

as they ought to do. This formula is, therefore, pre- 
sumed to be universally true, whether x is integral or 
fractional. 

Required to find the ^th term in the series 1, 4, 9, 16. 
Here ar«=---, a=l, D=tS^ Z>=«2, Z>=0. 

2 12 3 

, , 11 3 , 11 9 a 169 

2. Let a, b, c, d, be arcs of a great circle intercepted 
between a fixed star and the moon's centre at noon and 
midnight of two successive days, it is required to find the 
distance at 15 hours from the first noon. 

5 

Here 12: 15:: 1 :ars=— 

4 

4i 4 82 4 8 12 3 

a+^D+^D — —D 

^4 1^328 1283 



CONSTRUCTION OF LOGARITHMS. 

101. From article 85, it is obvious that, a being any 

number, if o»==iV, and a^^^M, a^-h^^NM, and a»-^= 

N 

jIj. If, therefore, all the numbers used in calculation 

were expressed in powers of «, multiplication and divi- 
sion might be performed by the addition and subtraction 
of the exponents of a. These exponents, thus employed, 



A 
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1 

are termed logarithms. When a^=sN, n is the logarithm 

ofjv: 

Lei X be such number, that a^ may denote any pro- 
posed number. 

Put a=l+6, then (art. 91, 92, 93,) 

av— 1, a>— 1 05^— 2. a?— 1 

(1 +*)-=:l +aj5+a:.^=l^^+a?.-^..-^ 63+a:.^* 



^6*, ^.^1+bx+b^ [t^ I + 



X — 2x — 3,. „ . . , . ,- ca?* a? 



, , a?* a?» . a? ^ . ,. ra?* a?' . 11a?* a? 

68 



2 






If, therefore, we collect the terms containing the sim- 
ple power of X, those containing a?^ and denote the above 
equation thus, 

. (1 +&)«=al +jlx+Bx^+ Cx'^+Dx*, &c. 

We readily find that 

b^ ifi b* b^ 

If for ^ in the above equation we substitute 2x, we 
shall have 

(l+6)8*=l+2^a?+45a?»+8Ca?3+162>a?*, &c. 

Squaring the same equation, 

(l+6)9*«il+2.5a;+2i5la?«+2ra?8+22)ar*- &c. 

wi«a?» + QdBx^ + %a Gc*, &c. 

J8«ar*, &c. 

Comparing the co-efficients of like powers of x. 

2 2.3 2.3.4 



120 LOGARITHMS. - 

Jl^iR* Jt^^ A^9^ 

... «.»(i+ft).„l+^..+!^+:||r+|^,&e. (A) 
In like manner^ 

jj*ya Jt^j^ J^*ir* 

»H- Ac+^^-U+l^, &c. (-S.) in which 

£f« fta 64 

lOS* Let X-^y denote a number whose logarithm is 
required; then l+y»(l+6)*. 

••• (l+y)*=(l +*)**> ^ being any number whatever. 
Here x is the logarithm of (1+6)'*, or of a*, or 1+y. 

But (H-y)'-H--r«+^-+ -gj^ &c. (Ji. 101.) 

rbeing=.y-|-+^-^ +^, &c.(«.101.) 

Also (l+4)«=.l+^a+^2^ +'2JL_,,&c.(R.101.) 
Whence bj cprnparing the co-efficients of is;, 

^•fy-^+ J-^*+p &c-i putting M^^ 
Again, putting - — -= a number whose logarithm is 
required, and making -j «=(l+&)*^j we find 



f'^ 
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V (the log. of (1 +&)' or J )^ 

^Jy^\y-¥%-+\ + 4 + 5 » *^^*i ^y * process exactly an- 
alagous to the former. 

Now the logarithm oi-—^ (or of l+yXr = lo- 
garithm of (1 +y)+ logarithm of r — )» 

a?+t;=:2M{y+^'+f +^', &c.} (K) 

As is manifest by adding together the values of x and 
V above obtained. 

lOS. As ^y and consequently -^ or ilif, is given in terms 



of 6, r«— 1) and a may be assumed of any value what- 
ever, (art. 101,) it follows that M is not limited to one 
particular value. 

If the value of a be assumed, i(f may be thence deter- 
mined, or if we take any number at pleasure as the va- 
lue of My a will be limited ; but in this case the formula 
U may be applied to the construction of logarithms, with- 
out computing the value of a. M\% termed the modulus, 
and a the radix of the system. Instead of fixing the va- 
lue of My or a, by arbitrary assumption, we may take 1 
as the logarithm of any proposed number^ and thence 
deduce the value of M, 

Since o^asl, the logarithm of 1 must, in every system, 
ssaO. If we make 1= logarithm of 10, the radix will be 
10, and M might have been found from equation /, (art. 
102,) by calling b 9, if that series or its reciprocal had 
been a converging one. As that is not the case, a diffe- 
rent expedient must be used. 

Let ^— ^ denote a number whose logarithm is to be 
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found, and put - — ^tasC — 5 then yass- — —-, this value 

1— y p ^ 2p+r 

substituted for y in equation U, (art. 102,) will make the 
series always converge, and more rapidly the greater the 
value of />. 

Now since ^i- X-^^p+h it is evident that the log. 
P *• 

of /)+ 1= log. p+ log. of ^-— •. 

p 

First, let />=!, then £i-i»2, and =«— , also log. 

4=-333333S3S3 
3 

i=^= 370370370 
4^'"'4''^4^''' 4115£263 . 



4)'» 


1 

^■9 


of(|)»- 


4572474 (A) 


^3' 


1 


of(|)'- 


508053 


3^ 


1 

'9- 


of(i).- 


56450 (A) 


(j)" 




« 


6272 (C.) 


4)" 




^ NNVi* 


. 697 


( j)" 




« 
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1 
"3 — 


3333333363 


1 

3.33 


123456790 


1 

5.3^"^ 


8230453 


1 
7.3''" 


653211 


1 
9.39 


56450 


1 


t* ^ 0^ 0^ 


11.3""^ 


5132 


1 
13.31*"" 


483 


1 


46 


J5.3** 


1 


4 


17.3*7 


^E 


•3465735902 



123 



Hence, log. of 2s.69dl471804J/9 and log. of 8 (or 2''} 
c2.0794415412iKf. 

Second, let J9s884, then 



2p+l 9 



5 
Henqe, to find the log. of -j 
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-^ ^ ».llllllllll 



i.of(-l-)«^« 4572474 
-L of (4-)*«.6^a= 33870 

|of(i).=.| 



.1115717752 



Whence, log. of -|=.2231435504-af. 

ft K ■ 

Consequently the log. of ( — x-j a=)10 

I-I2.3025850914M 

r 

} But log. of 10=1. 

Substituting for 3/ the number last found, we obtain 
the log. of 2».3010299959d, and thence the log. of 4, 8, 
1 6, 32, &c. may be had by ftimple multiplication. Also the 
log, of 5= log. of 10— log. of 2=.6989700040l5 whence 
may be found the logarithms of all the powers of 5. 

The numerical value of M being thus ascertained, 
if we make p denote a number whose log. is known, we 



p+1 



have log. p+ 1 slog. p+ \og.~ — »= \og*p+ 

2M Jl B C 

2p+l 3.(%»+l)' ■*" 5.(2p+l)» "^ r.(2p+l)«' **^' 
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Where wf, B^ C, &c. denote the preceding terni exclu- 
sive of the divisor, 3, 5, &c., and thus the logarithms of 
all the prime numbers may be computed. But as the 
above series, when tne number /> is small,, converges but 
slowly, and therefore, requires a considerable number of 
terms to be used, the labour may be abridged by. proper 
expedients, a few of which are subjoined. 

Let the log. of S be required; put jpsaSO, then 



Sp+1 161 

And log. of ^i-.=B?^+ — ^- =» .0053950319 

^ p 161^3X25921 

To which add log.of 80=s«l +3 log. of £==1.9030899880 

Hence, log. of 81, or 4 log. of 3s 1.9084850199 

And log. 3=.47n212549. 

Again, let the log. of 7 be required ; put pss^Ty then 

1 1 

2p+l"'55 

^"d log. 5^-^+9^ -.0157942671 
Adding log. of 3^ or of 27=1.4313637647 



Log. of 28»1.4471580318 
Subtracting log. of 4, .6020599920 



Log. of 7= .8450980398 



* As the logarithms of 10 and its powers are wholly integral, 
it is manifest 3ie logarithm of a namber is changed only in the 
integral part, by varying the position of the dTecimal point in the 
number itself. 

L2 
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In general, Buppose x+2 to denote a prime nunaber 
whose logarithm is required, those of the inferior evea 
numbers being known* 

Since 7 — r-r^r — ; 7r^'^'^ — f; 7^9 whoro both terms 

(a:+l)*x(a>— 2) a?« — 3«^2 

are divisible by 4, because a?— «l,and x+1 are even num- 
bers, it follows that this fraction in its lowest terms, maj 

be expressed by ^- — , and therefore the log. of 

{x—iy.(x+^) 
lx+iy.{x—^) 

be obtained from the formulee above given; to which 
adding 2 log. (a?+l)+ log. (a!>— 2)-— 2 log. (a>-^l) the re- 
sult will be the log. of a?+2. 

Let the log of IS be required. Here xssll, and our 
fraction becomes 

10M3_ I300 325 
"mQ 1296*^324 

Hence, 1^^324, and ^=:^ 

325 
Whence, ^og- 324= .0013383507. To which add 4 log. 

3+log.of4— 2,log.of555= .1126050039 



Log. of 13«1.1139433546 . 

In this manner the logarithms may be derived from 
those already obtained, to any proposed extent. The 
differential method miijr be advantageously applied, to 
the completion of a logarithmic table. But the labour 
of those computations, being already finished, and not 
likely to be renewed, a further eluciaation of the subject 
is deemed unnecessary. 
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Section X. 

SURDS. 

104. It has been reuiftrked, (note, art. d6.) that the 
even roots of negatiiro quantities are impossiMe; hence 
whenever, in the solution of a problem, the square foot of 
a negative quantity appears in the result, such result is 
impossible, or imaginarj. But instead of abandoning, 
as hopeless, evenr example in which such expressions 
appear, they are round conformable to the general prin- 
ciples of the science, and sometimes connected with the 
most refined analytical processes. 

Impossible roots may be introduced into a problem in 
two ways, quite distinct from each other. First, by ad- 
mitting incompatible assumptions info the data of the 
problem; in which case the impossible root serves to de- 
tect that incompatibility ; and its appearance or disap- 
pearance marks the limits of the problem. 

Thus in th e equa tion x^ — Qaxsss^~-b, we have (by art. 

62,) a?=3a±^a*— 6 as the general expression of the va- 
lue of X. If now a*>6,* a^—A is positive, and therefore 

v^a°— 6, and consequently a?, a possible quantity. But 

if a*<6, a^— 6 is negative; and therefore, ^/a^ — 6 im- 
possible ; whence x is, in this case, an ima^naYy quan- 
tity. Here the terms of the original equation are com- 
patible, whenever a^ is equal to, or greater than &; but 
incomp atible when «' < ^jfor a?«~2<ia?=»— 6 is equiva- 
lent to 2ar^x,xssb^ but 2a— a7.a? cannot be greater than 



Put x^a±c, then So— xssaqpc, and 9,a^^x.xssa^ — cK 



When csaaO, x^a^ or So — x.x^{p^)a^ ; this is, there- 
fore, the limit of b. 



* a>ii9readai8greaterthan^, anda^dy aislessthan^. 
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Suppose x-i — ass2a> to find x. 

X 

. Multiplying by x, x^+lss^ax, or a:«— 2tfa?afe— I. 

Whence, xssia±s/a^ — 1 , which value of x is imaginary 
vhen a< 1. Hence the least possible sum of a number 
and its reciprocal is 51.* 

105. Impossible roots may be sometimes obtained, 
when the data are compatible, by the admission of incon- 
sistent suppositions into the solution. 

Suppose we have x^+ny*=^a, and xy^^b, to find x and 
y$ a, b, and n being any given numbers. 

To and from the first equation add and subtract S^v/n 
times the second, whence, ic^+2a?yv^n+wy*5a:a+26v/n, 
and ar»— 2a:y^n+wy»3=a — 9bs/n; and by evolution, 



a?+yv^n=s^/a+26-v/w, {M^ 



X — ys/n^=»y/a — 9Jby/n, (iV.) 



s/a+9Jbs/n'\^s/a — 9b ^/n 

•*• X "^ ' ' ' "' ^ I' ' 

2 



* These principles may be applied to determine the maxima 
and minima of geometrical quantities. Let b zss. the base, a=r th» 
altitude of a plane triangle; j?s: altitude of its inscribed rectangle, 

then bx ssr the area of the rectangle, which put =c; 

whence we find a?«~±v/(f! — ^2£) which is impossible when 

2 4 6' ^ 

>ab 
1 

fift n. 

If c» -., ^^TTt this is, therefore, the greatest posssible value 
of or/ and the g^reatest rectangle is ^^-r- the triangle. 
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Which are general expressions for the values of x 
andy. 

If now, we take ns=— J, or a?*— ^»=a, the above ex- 
pressions become. 



a?as ^ . m 

2 



^ 2^—1 

These values, though expressed by imaginary quanti- 
ties* are real ones. For putting —1 instead of n, in 
equations M^ N, and multiplying, we have 



a?«+y«a=v^a«+46>, (P.) 
But from the first equation, a^'-^y^sxa. 
Consequently, by addition and subtraction^ 



2aja=v^a2+46a+a. 



And 2y8«=^a«+46»— a, 



1 



ora:=( ^ ) 5y«( ^ ) 

The same conclusions may be obtained by squaring the 
values of x and y first found, and extracting the square 
roots of the resutts. 

The impossible surd v'— 1, was evidently introduced 
into the result, by adopting a process in the general so- 
lution, which was not applicable to the particular equa- 
tion a?' — ^y^=«? yet the values of x and y, when cleared 
of imaginary surds, are the true ones^ as may be shown 
by a different solution of the problem* 
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V 

To the square of the first equation adding 4 times the 
square of the second, a?*+2a? y^+y«=a;a9+46«. 



Whence bj evolution, a?®+y^a^^/a='+46*, the same as 
equation P, deduced from imaginary surds. 

106. From what is shown in the foregoing article, we 
readily infer, that when, in the solution of a problem, the 
value of the quantity sought appears in terms of imagin- 
ary surds, we are not thence immediately to conclude, 
that the data are inconsistent ; as the adoption of an in- 
applicable process may produce such a result, yet in this 
case the imaginary surd may De eliminated by the use of 
proper expedients. When, however, the data are incon- 
sistent, no analytical address can clear the final equa- 
tion of its impossible quantities. 

Imaginary surds differ from real ones in this im- 
portant particular. Real surds, however complex, admit 
of ^n approximation to their value ; but imaginary surds 
adihit ot no approximation, and must either be elimi- 
nated, when practicable, or remain the intractable indi- 
cations of incongruous assumptions. 

The following cases exhibit the most useful applica- 
tions of algebra to surd quantities. 

Case 1. 

107. To reduce a rational quantity to the form of a surd* 

Raise the given quantity to the power denoted by the 
index of the surd, and to this power apply the radical 
sign or index proposed. 

EXAMPLES. 

'1. Reduce 5 to the form of a square root, and a to that 
of a 4th root. ^ 

5=«^/5«=^/25. aivd a«(a*)^«ya*. 

2, Reduce 3 to the form of a cube root. 

Result, ^27. 
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d. Express — — r-a in the form of a cube root. 

Result, (-^«»)* 

4. Reduce 2v^5 to the form of a square root. 

Result, ^20. 

5. Reduce 3 v^S to the form of a 4th root. 

Result, (324)i 

6. Express a+b in the form of a square root 

Result, s/a»+2ab+b^ 

— in the form 



r. Express « — - — in the form of a quadratic surd. 



Result. V^±l^^ 



Case 2. 



108. To reduce radical qiuxniUies, h&mng different in* 
dices, to other equivalent quantities with a common ra» 
dical sign. 

Reduce the fractional exponents to a common deno-^ 
minator, involve the ^iven quantities to the powers de- 
noted by their respective numerators ; and to the results 
apply the reciprocal of the common denominator as the 
common exponent. 

EXAMPLES. 
3 3 1 

1. Reduce a^, b^, and c^ to equivalent quantitiesi^ 
having a common exponent. 

2 3 1, , . , ^^ 40 45 12 

3 ' T' T '^"^""'^ ^'^ equivalent to ^. g^. - 

3 J, 40 

Hence, a^=(a*°)«''s=a"6^5 

3 1 45 1 1 12 

b'^:s:{b^)^^ssb^', C^=:(c*>)^aaC'^. 
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2. Reduce 3% and 4^ to a common index. 

Result, 27*, 16*. 

3. Reduce a^, b^, to a common radical sign. 

Result, a^, 6^. 

« 

4. Reduce {a+xy^^ (a— <»)» to a common index. 

1 1 

Result, (a»+2aa?+a?«)^ and (€fi—Sa'x+Sax^^si^)^. 

11 1 

5. Reduce a^, and x* to the common index r-r.* 

Result, (a*)^, (ar^)"^. 

6. Reduce 4'^, and 5^ to a common index. 

Result, (256*)i, and 25*. 

Case 3. 

109. To reduce eurdi to their most simple terms. 

Resolve the surd, if possible, into two factors, one of 
which shall be the greatest power it contains. Extract 
the root, and thereto annex uie other factor with its pro- 
per radical sign. 

EXAMPLES* 

1. Reduce ^250 to its simplest terms. 

250=125X2=53X2. ••. ^250=5^2. 

2. Reduce v^32 to its simplest terms. 

Result, 4v^2. 



* When the common index, to which the fractional exponents 
are to be reduced is given, divide each of the given exponents 
by that common index, and involve the given quantities to the 
powers indicated by the quotients. 
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S. Reduce v^£43 to its simplest form. 

Result, Sys. 

4. Reduce '^5184 to simple terms. 

Result, 12^3. 

1 

5. Reduce (144)^ to its simplest terms. 

Result, 2y/S. 

6. Reduce {a^b^-^^xy to simple terms. 

Result, a-^h — x* 

18 

7. Reduce v^r^ to its simplest terms.* 



125 



3 
Result, s^V'lO. 



g 
8. Reduce ^-^ to simple terms. 



2 
Result, -- ^3. 



9. Reduce — 7= rr- to its simplest fprm. 

• Result, 8+2v^l5. 

Case 4. ' 

110. To add or subtract surd quantities. 

Reduce the quantities, when fractional, to a common 
denominator; and, when the exponents are dififereut, to 
a common radical sign. Also express the surds in their 
simplest terms. If then the reduced surds are alike, 
they may be added or subtracted as other algebraic quan- 



* When the given aurd is fractional, the denominator may ge- 
nerally be made rational, without changing the value of the frac- 
tion, by multiplying both terms by proper numbers or quantities. 
When the denominator consists of two quadratic surds connected 
by the sign + or — , the proper multiplier cojisists of the same 
surds connected by the opposite sign. 

M 



134 SURDS. 

titles. When the surds are unlike, the operation must 
be merely indicated. 

EXAMPLES. 

1. Required the sum and difference of^l£8 and 
^128=4^2, ^16=«2^2, 4^2+2^2=6^2, 

2. What is the sum of y/%7 and ^748 ? 

Ans. r^/3. 

3. What is the difference between v/50 and -v/18? 

Ans. %y/Si. 

4. Required the sum of ^5^ and ^189. 

Ans. 5-^7. 

5. What is the sum of ^y/a^h and 5v/16a*6 ? 

Ans. (3a+20a«)v/6. 

6. What diflefence is there between -v/24a®6* and 
^^5406* ? * Ans. (2a6— 36»)^/6a. 



7. Required the sum of -^— and-^— ? 

4 / \i4» 



Ans. — ^2t 
4 



8. Required the difference beetween ^— ^-■^- and 

^^-p^ ? Ans. 8^2+4/21 +4v'3. 

Case 5. 

111. 7b multiply or divide surd quantities. 

Like quantities with different exponents, are multi- 
plied or divided bjr adding or subtracting their indices. 
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When the quantities are different reduce them, if ne- 
cessarj, to th^ir equivalent ones with a common radical 
sign. Then the product of* quotient, with the common ^ 
radical sign applied, will be the quantity sought.* 



EXAMPLES. 

r 

1. Required the product of 5^2 by 7^/3. 
5^2=5^4, 7^/S=7^'2r, 5^4X7^27=35 8/108. 

2. Divide v'2l+>/15 by ^7—x/5. 

« 
^21+^15 v/21+v/15 x/7+s/5 12v/3+2v^l05 

=6v^3+v^l05, the quotient required. 

3. Required the product of 5v^2 by 7\/3. 

Result^ S5y/6. 

4. What is the product of 3 v^5 by 4^25 ? . 

Ans. 60. 

5. What is the product of •^\/-^by Tj:\/-r? 

3 

6. What is the product of 2-^14 and 3-^4? 

Ans. 12^7. 

7. What is the quotient of 6^972 by 3^2? 

Ans. 6^18. 



• In the division of surds, fts well as of rational quantities, itii 
frequently convenient to set down the terms as a vulgar fractioRy 
and to reduce that fraction to its simplest form. 
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8. What quotient will -^V^ divided ,-|^/|. maker 

Ans. -q\/5. 



3 

13 



9. What is the product of (a+6)^ and (a+5)^? 

Ans. (a+b)^. 

10. What is the product of {a+2^b)^ and {a—2s/b)i ? 

Ans. (a»— 46)^. 

11. What is the product of S+y'— 2by 5— v/— 2? 

Ans, 17+2v/— 2. 

12. What is the product of {a+x/—b)i by 
(o— 2^/— *)^? ^ Ans. (a8+26— «\/— &)^- 



4 2 6 ^ 

13. Divide — v'aby -^-^a. Quotient, —a'^- 

XX - C m— n 

14. Divide 3o" by 4a". Quot. -5-0 ^T 

15. Divide 5+3v'— 3 by 7— 2^/— -3. 

ft X tT" , 31 , , 
Quot. 6^+g-^^/-3. 

As involution is effected by themultiplication of equal 
factors, this case evidently includes the involution of 
surd quantities. 

16. What is the Sd power of 4y/2 P 

Ans. 128v^2- 

X u 

ir. Required the nth power of «"'? Ans. am 

18. What is the 3d power of 3+2^/— 1 ? 

Ans. 46v/— 1— 9. 
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Case 6. 

112. 7b extract the roots of surd quantities. 

When th^ quantity consists of one term only, the root 
is obtained bj dividing the index of each quantity by ths 
index of the power. 

When the quantity is a compound one, the root may 
sometimes be extracted, as in article 37. 

When the given quantity is a binomial, one term, at 
least, of which is a quadratic surd, the square root may 
be extracted by the following formula. 

Let 4/a±s/bss3c, put v^a^ — &s=rf, then 



* This ibnnula is thus obtained. 



Let ^a±y/bsssy/v±y/w. 
Then a±^b^v±Q^vw+w. 

Now, as a rational quantity cannot be equal to a surd, we must 
take 

a=:v+w, (JV.) and x/b^2y/vw. 

By squaring these equations, 

a^ssv^+2vw+w^, and 6=4vt(?. 

Whence, by subtraction and evolution. 



^o3 — bss^v^ — ^vw+w^y or rf=v— t^. 
From this and equation JV, we have. 

Hence, it appears that this method applies only to the case 
where a.' — A is a complete square. 

M2 •■ 
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EXAMPLES* 

1. Required the square rootof 16v^6« 

-^16=4, and ^^^^%^. .-. v'T6^==4^6. 
S. What is the square root of 6' ? 



3 

Ans. 6^ or 6x/6i 



3. What is the cnbe/oot of rz\/S ? 

*>7 



Ans- -^v^S- 



4, What is the square root of «"— 6av^ — &— 96 ? 

Ans. a— 3-v/— &• 

5. Required the square root of 6-f 2v^5. 
Here a=6, ^h^^,/5^y/^. 



.\ ftsdfio, and rfa=^36— 20ass4. 

1 64-4 6—4 

Whence, (64.2v'5)'=^/-?--+\/-3-=V'5+l,the 

root required. 

6. What is the square root of 3— >^v^S? 

Ans. v^^i— 1. 

7. What is the square root of T— Sy^lO? 

Ans. -v/5 — v^2. 

PROMISCUOUS EXAMPLES. 

113. Required the difference between 



2 2^(5+2v<5)' 2 
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5+%s/5 5+^^/5 S+s/S 



2v'(5+2v'5) * ^x/{5+2^5) ^^{5+2^5) 



^ V T^ >- _ (multiplying num. aad 



^^{5+2^5) 2v^(5+2v/5) 



^5+Qx/5 I w, , 2 



denom. by ^5—W5) — 275^=^^(1 +y^^) 
the difference sought. 

34/2+2 
^ 2. Required the sum of 5v^2 — 1, and _ ? 

Ans. 8v^2+3. 

I 1 

3. What is the sum of 12^— and 3^—? 

27 

Ans. -r-^2, 

4 

4. Required the difference of S^-- and ^72? 

Ans. •^Q. 

5. What difference is there between 9,^a^h^ and 
x/Scjsfivp Ans. 2o6(»-*)^&. 

6. Required the product of 4+2^2 by 2— v^2? 

Ans. 4. 

7. Multiply a+ftv' — 1 by a— Av^ — 1. 

Product, a3+6». 

• Ti- -J 4+^/— 3 . 1— v/-r-3 

8. Divide — ^ by ^ . 

Quotient, ^~^>/— ^ 

4 

9. Required the square root of 51— 10v^2? ^ 

Ans. 5v^2— 1. 
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10. Required the 3d power of o — hs/ — 1. 



/ 



11. Required the square root of 7— S4v'— 1? 

Ans. 4— Sv^-^1. 

12. Divide (i»+6» by a— fty^— 1. 

Quotient* a+6v/ — 1- 

13. Add , , ■ . — -to J-- — r. 

«+6v^ — 1 a — ov^ — 1- 

Sum, — T-rzr 

Sum, — 

15. Divide 18+26^"— 1 by S+\/— 1. 

Quot. 8+6>/— 1. 

16. Required the square root of 13 — 9XSy/ — 3 ? 

Ans. 5— 2v/ — ^3. 

Imaginary surds are of great iinportance, in the inves- 
tigation of several valuable formula, in the arithmetic of 
sines. 



Section XI. 

EQUATIONS IN GENERAL. 

114. It has been remarked, page 77 ^ that quadratic 
equations sometimes admit of more answers than one ; 
the principles on which the ambiguity of quadratic equa- 
tions depends, are productive of similar results in equa- 
tions of the higher orders. 



EQUATIONS IN GENERAL. l4l 

In the general equation a?" — px'''-^+qx^''\.....±rs=0^ 
where p, q, r, are supposed to be given, the different va- 
lues, of which X is susceptible^ are called the roots of the 
equ^ion. 

115. If two binomials, as a>— a, x — 6, be multiplied 
together, the product a?^ — ax-^x+ab, or x^ — {a+6) 
a?+a6,.is manifestly a quadratic; if now, x — fl=0, or 
a>— ^=0, we have evidently a?^— (a+^)3?+«^=0. On 
the other hand, the given quadratic equation a^ — px+ 
9=s0, may be resolved by making a+b=^pt abss:q, and 
determining a and b. For, on these assumptions being 
made, the equations become identical, and their condi- 
tions are fulnlled by taking x^=sa, or x=^b; the equation 
a?* — px+q^Oj has therefore, two^ positive roots, which 
are both possible when ip^ is greater than q, ^nd impos- 
sible when q exceeds ip\ This expression corresponds 
to form 3d, Jiy (art. 62.) 

116. Again, x — axx+b=x^ — aoj+fea?— aft, which be- 
ing supposed =0, corresponds to x^+px-^q^iO, or to 
x^^^-^-px-^q^ss^O, according as b is greater or less than a. 

The conditions of this equation are answered by taking 
' X — a=»0, or fl?+6=0; the equation has, therewre, two 
roots, a, and —ft. These expressions correspond to forms 
I9 2, A, (art. 62.). Those equations consequently admit 
of a negative and a positive root, which are both possible, 
because when the square is completed, the second mem- 
ber consists of positive quantities. 

117. Moreover, {x+a),{x+b)=sx^+ax+bx-^' abywhich 
being supposed =0, agrees with x^-i-px-i-qssO, 

Hence an equation of this form is resolved by making 
a+b=p, abs=q, and determining a and ft. The roots of 
this equation are manifestly both negative; and as in 
(art. 115,) both possible or both impossible. 

118. It is worthy of remark, that in the equation 
x^ — px+q=:iO, the signs are alternately + and — , that 
is, they are twice changed; and the equation has two po- 
sitive roots. But in the equations (art. 116,) the same 
sign is once continued, and the sign once changed; and 
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these equations have one affirmative and one negative 
root. In the equation (art. 117,) the sign is twice con- 
tinued ; and this equation has two negative roots. 

*^ . 
It also appears, from what is above shown, that everjr 
quadratic equation has two roots, which are both, possi- 
ble, or, both impossible.* 

119. Assuming three factors, (a? — a).(a>— 6).(a? — c)=5 
x"" — {a+b+c)x^+{ab+ac+bc)x — abc^ which being sup- 
posed =0, will be identical with x'^^^x^+qx — r=0, if 
;?=«-f-64-c, q=sab-{-ac-\-bc, and r^^abc. But the con- 
ditions of the former are answered by making x — a=0, 
a>— 6=0, or x — c=0 ; therefore, the latter has three po- 
sitive roots, a, 6, and c. It has likewise three changes 
of the signs. 

120. If instead of x — c we take x+c, our equation 
(a?— a).(rr— 6).(a?4-c)=a:3 — {a+b — c)7^+{ab — ac — 6c)x4- 
il6c=0, will, manifestly, have two positive roots, a and 
b, and one negative root, — c. In this case, if a-|-6>c, 
the sign of the second term is — , the equation may, 
therefore, be expressed x^ — ^a?®+.5'^+**=0, in whicli 
there are two changes of the signs, and one continuation 
of the same sign. If 'c > a-\-b, the second term will have 
the sign +, but the third — , because in that case {a+b), 
c>(a+6)«, and therefore, >a6. The equation then be- 
comes x^+px^ — qx+r^=iO'j having, as before, two changes 
of the signs, and one continuation of the same sign. 

121. A cubic equation, composed of the factors (a!>— a). 
(a?-f6).(a?+ c) =x3+ (6 + c — a)x^ — (a&— ac+6c)a? — a6c=0 
nas plainly one positive root, a, and two negative roots* 
•—6, and — c. But in, this case, if b+c^a^ the sign of 
the second term is -f-; and the equation may be expressed 
x^+px^±qx^-'r=^Q, having one change of the signs, and 



* In form 3, ^ (art. 62,) when b^^a!^, the roots are equal to 
each other. In forms 1 and 2, if 2a— 0, the equation becomes a 
simple quadratic, and the roots are equal quantities with contra* 
ry signs. Every simple quadratic has» tlierefore» a poutive anc| 
negative roof. 



% 

♦ 
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iti^o continuations of the same sign. If a>6+c, the se- 
cond and third terms are both negative, because (b+c) 
«X5+c)^>5c; the equation, therefore, may be ex- 
pressed xi^^-px^ — qx — r==0, having, as before, one change 
of the signs, and /i^o continuations of the same sign. 

122. If we use the factors a?+a, a?-|-6, a?+c, their pro- 
duct x^+{a+h+c)x^+{ah+ac-^hc)x+ahc^ being put 
==0, the equatfon may be expressed, x^+px^+qx-\-r=iO^ 
in which there are three continuations of the same sign. 
The equation has likewise three negative roots, — a,-^, 
jand — c. 

fiy pursuing this inquiry it will be found, that any 
equation of this kind, admits of as many roots as there 
are units in the index of the highest power of the un- 
known quantity; that the number of positive and nega- 
tive roots, will be, respectively, equal to the number of 
changes in the signs, and the number of continuations of 
the same sign, ft likewise appears, that the last term, 
or absolute number, is the continued product of all the 
roots with their signs changed. 

123. It may be observed, that as every cubic equa- 
tion is composed of three factors, and every quadratic of 
two; a cubic equation may always be considered as the 
product of a simple and a quadratic equation. But (art. 
118,) every quadratic has, either two possible, or two 
impossible roots; hence, a cubic equation, the terms of 
which are possible, having one impossible root, ha« two; 

. and, as in the multiplication of compound quantities, 
containing impossible parts, those impossible parts can 
disappear only when two like roots are multiplied to- 
gether, it follows, that every cubic equation, consisting 
of possible quantities, has, at least, one possible root. 

124. In like manner, it appears that every equation 
consisting of possible quantities, having an odd number 
of roots, has, at least, one of those roots possible. And 
that every equation which is made up of possible quan- 
tities, has all its roots possible, or axkeven number of im- 
possible roots. 
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125. When the roots of an equation are integral, they 
may sometimes, be found with great facility, by seeking 
th^ divisors of the last term, and substituting them in 
place of the unknown (quantity, till one or more be found 
which answer the conditions of the equation. (See art. 
122.) 

When one root has been found, the equation may be 
depressed, by connecting that root, with its sign changed 
with the unknown quantity, and dividing the given equa- 
tion by the sum. 

EXAMPLES. 

1. Given a?*— 3a:*+5aJ — IStsO, to find the value of aj* 

(Art 119,) the roots if possible, are all positive.* 

Also, the divisors of 15 are 1, 3, 5» 15m 

Now, by substituting these for x, 

1.^3+5 — 15= — 12. .•. 1- IS not a root. 

27 — 27+15 — 15=0. .*. 3 is a root. 

a^ — Sw^^-Sx — 15 

a!— .3=0, and ^-- =a?»+5=0. 

a:— '3 

Whence, x=s±y/^^5. 

,•. the roots are 3, +%/— 5, and — -y^— 5. 

2. Given a?» — 2a?»— 5a?+6=0, to find xi 

Results, 1, 3, —2. 



* The rules, in the foregoing articles, for determining the signs 
of the roots from the changes ii>the signs of the terms composing 
the equation, being founded on the supposition, that each root 
has but one sign, do not apply to impossible roots ; because the 
negative signs under the radicals, when developed by multipli- 
cation, are combined with those of the roots, and therefore, 
change the signs of the^ terms of which the equation is composed. 



'/ 
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3. Given 3d^+6x^ — 7a>— 60=0, to find x.- 

Results> 3, —4,-5. 



4* Given x^+Sx^ — 6a>— 8=0, ta find x. 

Results^ 2, — ly 



5. Given a?'— 2a?+4=s0, to find x. 

Results,— 2, l+^/— 1, 1— v'— 1, 

6. Given a?*^10a^+35aj3—50a;+24=0, to find x. 

Resalts, 1, 2, 3, 4. 

7. Given x*—8a:'+23a?« — 64a:+ 120=0, to find x. 

Results, 5, 3, 2^—2, —2y/—2. 

126. When the roots afe not integral, they mhj gene- 
rally be determined by approximation.* For this pur- 
pose, various rules have been investigated. Among 
these the following is probably the most x^onvenient in 
practice. The demonstration is given in the subsequent 
article. 

To find the root of a general equation. 

1. if all the terms of the equation are not on one side, 
by transposition, place them so ; and arrange them ac- 
cording to the powers of the unknown quantity, placing 
the highest power on the left hand. If any of the lower 
powers are not contained in the equation, consider each . 
one omitted, as having a cipher for its co-efficient. 

2. Place the co-efficients and the absolute number 
with their proper signs, ip order, in a horis&ontal line. 






• If all the roots of the equation are impossible, this method 
is not applicable, (see art. 106,) but possible roots may always 
be approximated. 

N 
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S. Find by trial the^ first root figure, attending to its 
▼alue as being units, tens, tenths, or hundreths, £c. and 
place it to the right of the absolute number. 

4. Multiplj the first co-efficient by the root figure, 
and add the product to the second co-efficient; multiplj 
the sum by tne root figure, and add the product to the 
third co-efficient; proceed thus to the end of the line, 
adding the last product to the absolute number. Again, 
multiply the first co-efficient by the root figure, ana add 
the product to the sum under the second co-efficient ; 
multiply the resulting sum by the root figure, and add 
the product to the sura under the third co-efficient; and 
so on, stopping under the last co-efficient. Repeat the 
process, stopping each succeeding time, one term nearer 
to the left hand, till the last sum falls, under the second 
co-efficient 

5. Try how often the last sum under the last co-effi- 
cient is contained in the sum under the absolute number, 
and take the result for the next'root figure. 

6. Using the first co-efficient, and the last sum in each 
column, instead of the co-efficients and absolute number, 
proceed with this new root figure as with the preceding 

^one. 

r. Obtain another root figure in the manner last men* 
tioned, and thus continue the operations as far as neces- 
sary. 

Note l.-^In multiplying by each root figure, attention 
must be given to its value* Thus, Jf it is of the order of 
tens, the multiplication must be made by the number of 
tens which it represents; and so, for other values. Also, 
in the multiplications and additions, regard must be had 
to the signs of the numbers. 

2. The signs of the successive sums, under the abso- 
lute, number, must continue throughout the operation, 
the same as that of the absolute number* If the opera- 
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tion for any of the root figure^ cause the sign to change, 
a less value must be taken for that figure. This will 
not unfrequently occur with regard to the second root 
figure, but it will seldom be the case for the others. 

, 3. After two or three root figures have been obtained, 
and the multiplications and additions corresponding to 
them have been completed, the succeeding parts of the, 
operation may be contracted in the following manner. 
Cut off the right hand figure of the sum, in the column 
under the last co-efiicient^ the two right hand figures of 
the sum in the preceding column; the three rignt band 
figures of the sum in the column preceding that, and so 



on. 



If either of the figures next to the right of the marks 
of separation is 5, or more than 5, add, mentally, a unit 
to the first figure on the left of the mark, when using it 
in the succeeding multiplication and addition. Repeat 
the same contraction for each of the following root 
figures. 

These contractions may commence, in cubic equations, 
after the second or third decimal fi^re in the root is ob- 
tained ; in biquadratic equations, after the first or second 
decimal figure; and in higher equations, after the first 
decimal figure. And if the operation is closed when the 
sum under the absolute number is reduced to two figures, 
all the figures in the root will be true.* 

EXAMPLES. 

1. Given 3a?*^— 4a:»+2a>— 1000=saO, to find the value 
of X. Ans. 4.3.42447603. 



ac 



• This rule, imppoved from Young's Algebra, was communi- 
cated by my friend John Gummere, of Burluigton. 
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12 


48 

44 
96 

140 
144 

284 
14.67 


+2 
176 

178 
560 - 

738 
89.601 


—1000(4.342447603 
712 


12 
12 


—288 
248.2803 


24 
12 


—39.7197 
37.39678208 


36 
12 


827.601 
94.083 


—2.32291792 
1.89781666 


48.9 
.9 


298.67 
1.4.94' 

313.61 
15.21 


921.684 
13.235552 


—.42510126 

37988512 

—4521614 


49.8 
.9 


934.919552 
13.318496 


3799436 


—722178 
664909 


50.7 
9 


328.82 
2.0688 


948.23804,8 
.67028 


—57269 
56994 


51.6 
.12 


330.8888 
2.0736 


948.90833 
.67048 


—275 


51.72 
12 


332.9624 
2.0784 


949.5788,1 
.1340 


285 


51.84 
12 


335.04,08 
10 


949.7128 
1340 


^ 


51.96 
.12 


335.14 
10 


949.846,8 
12 




5,2.08 


335.24 
10 


949.859 
12 





3,35;34 94,9,8,7,1 

£. Given a?5+2a:*+3ar8+4a?»4-5a>— 54321=0, to find 
tbe value of a:- Ads. 8.41445475. 
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2 
8 


3 
80 

83 
144 

227 

208 

435 
272 



707 
16.96 


4 
664 

668 
1816 

2484 
3480 

5964 
289.584 

1 


5 . 

5344 

5349 
19872 

25221 
2501.4336 


—54321(8.41445475 
42792 


10 
8 


—11529 
11088.97344 


18 
^8 


—440.02656 
304.11052 


26 
8 


27722.4336 
2620.0064 


—135.91604 
122.02904 


34 
8 


6253.584 
296.432 


30342.440,0 
68.612 


—13.88700 
12.21504 


42.4 
.4 


723.96 
17.12 

741.08 
17.28 


6550.016 
303.344 


30411.052 
68.690 


—1.67196 
1.52700 


42.8 
.4 


6853.3,60 
7.8 


30479.74*2 
27.52 


—14496 
12216 


43.2 
.4 


758.36 
17.44 

77,5.80 

( 


6861.2 
7.8 


30507.26 
27.52 


—2280 
2135 


43.6 
.4 


6869.0 
7.8 ' 


30534.7,8 
2.8 


—145 

153 * 


44.0 


5,87,6.8 


30537.6 
2.8 


"— "" 4 



30,5,4,0.4 

3. Given a?»4-9af*+4ar=s80, to find x. 

Result, a7asS.4r£1359. 

4. Given aj'+i^+^f^SO, required the value of a:. 

Ans. a;s;:4.10£8S2S« 

5. Given a?8+lGa?«+5a:=a2600, required the value of a?. 

Ans. 11.00679934. 

6. Given 2a:*— 16«8+40a?«+S0a:=lt0, required the 
value of ar. Ans. a:s5.056908 1 . 

N2 
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i27. To show the rationale of the process directed in 
the last article, I begin with the cubic equation 

Let the first figure in the root be indicated bj r, re- 
gard being paid to its loccU value, and the remaining part 
of the root by y; then a?=y+r. 

Hence, aa?^=flfy®+3ary^+3ar®y+aH 

te^= by^+2bry+br^ I _« 

cx=a cy-fcr 

(/= d 

Collecting the co-efficients of like powers of y, 

ay^+by+c'y+d'=^0. 

It is obvious that d=:{(ar+b)r+clr+d; 

c'^^(ar+b)r+{ar+b)r+ar+c^b'ssiar+ar+ar+b, 

IBut these are the quantities fgund by the fourth pre- 
ce|N:. 

Again, since r>y, cy+d' approximates to OjOry=: 
— P, nearly; but this is the mode prescribed in the fifth 
precept for finding the next figure of the root. 

Denoting the number obtained by the last operation 
by 8, and the remaining part of y by z, so that yssz+s, 
we shall obtain a new equation az^+b''z^+c"z+d"=iO, 
in which d'=:: {{as +b')s+c'is+(jr; c"={as+b')s+(a8+b') 
s+as+c'; b"ssia8+as+as; whence an approximate va- 
lue of z, or a new figure of the root is manifestly dedu- 
cible from this new equation, as before. 

Assuming now the general equation 

aoiT'+bx^K,... mx*+nx+pssO. 
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And denoting as before, the first figure of the rootty 
r, and making xs=y+*'j we have 



n 



fla?«a=«y«4-nary"'"* &c. nar^'^^y+ar 

^a?»-is= by^-K. &c. n — 1.6r*^2y^5y» 

&C. ... &c. ^=0 

mx^sss S,mry+mr^ 

nx= * ny+nr 

Or fly»+6'y«-'— .. &c. w'y+/>'=0» in which the quan- 
tities b\ n\ p', are composed of the co-efficients «, b, &c. 
and the powers of r combined, as directed in the fourth 

precept. And here as before,i/=— — , nearly. 

Hence it is obvious, that the successive figures of the 
root may be obtained by the same kind of process ; what- 
ever may be the index of the highest power of the un- 
known quantity. 
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128. When a problem is given, in which the number 
of unknown quantities employed^ is greater than the 
number of independent equations furnished by the con- 
ditions of the problem ; one, at least, of those quantities, 
may be assumed at pleasure. Such problems, therefore, 
generally admit of an indefinite number of answers. 
There are, however, certain conditions sometimes an- 
nexed, by which the number of answers is partidlly 
limited. For example, the answers are required to be 
whole positive numbers, or they are required to be^quare 
or cube numbers. Such problems are termed indeter- 
minate, or unlimited, though in some instances, each un- 
known quantity admits of but one value. If simple 
powers only of the unknown quantities are included in 
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the equations, the problem is said to be of the first de- 
gree. 

Case 1. 

To find the values ofx andy^ in whole wsitive numbers, 
from the equalion oo^ss^y+c; a, &» c> being given num^ 
bers, positive or negativeJ^ * 

m 

Here x^^-^ — » and as x is to be a whole ttun(lber« 
a 

^ — must also be a whole number. 
a 

Now, if this quantity be multiplied b}* a whole num-* 
ber, the product must, evidently, be a whole number; 
also the sum or diflference of this quant tty, or either of 
its multiples, and any whole number, must necessarily 

b'U'^'C 
be a whole number. Let, therefore, -^ — be thus changed 

t/"4"c' 
till we obtain ^ sswh,i which put =jo;t hen y^^ap--^^ 

a quantity that must be a whole number, because a, p, 
and c' are whole numbers. And this value being sub- 

stituted for y in the equation a?«-2 — , the value of x 

will be obtained in terms of/), and given numbers. 

Assuming then jpsaO, 1, 2, 3, &c. successively, (omit- 
ing such numbers as make x or y negative,) the various 
numerical values of x and y become known. 

The number of answers will be limited when the signs 
of p in the values of x and y are unlike; but unlimited 
when p has the same sign in both. 



* If a and b h&ve a common divisor, it must also be a divisor 
of c, or the problem is impossible. 

f This ezpresaion is used to designate any vfhole number. 
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EXAMPLES. 

1. Given 19a?=14i/+15, to find the values of a? and y 
in whole positive numbers. 

But r^=t»h. .-.-^ j^ 19" -"-A-^ 



.-. t/=19p+3, and x=}^S±^±}l,^lAp+S. 

If now, we assume p successively =0, 1, 2 3, &c. 

j/=3, 22, 41, 60, &c. 

a;=3, ir, 31, 45, &c. 
Here the number of answers is evidently unlimited. 

2. Given lla?+17y=:987, to find x and y in whole 
positive numbers. 

!=fyx2=^±-;^2/=i-y+^=i-^-?t=-^»-A. 

Whence 2/=np+5, 

And a?=ss i— y^^ — ^ =82 — 17/). 
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Assuming j9saO, 1, 2, 3, 4, 

y^5, 16, 27, 36, 49. 

a?=82,65, 48, 31, 14. 

Which are all the possible values in whole positive 
Bumbers. 

« 

3. Given 7a?+9yaB£342, to find the number of values 
^•f X and y in whole positive numbers. 



2343 — 9y ^^^ 2^—4 , 2v — 4 , 

«= ^as3S l y '^ aaU^A. .'. ^ =:tt?A» 

2y_4 Sy— 16 ^ . V— 2 . y— ^ ^ 

-^X4« .^-_.r=y— 2+^=M^A. .•.•Z=-=:u?A=p.^ 

.% y=:7)>+2, and a?asS32p— Sjp. 

From the first of these expressions we perceive, that 
the least value of p is 0, and from the second, that the 
^eatest value of p is 36. Hence the required number 
IS 37. 

3. Given 5a?+7^+9;?=s337, to find the number of va- 
lues of ar, y, and z, in whole positive numbers. 

337— -7v— 9z ^ 2— 2v— 45r 
xsss -^ as67 — y — z-^ 1- — ^wh. 

2 — i2v— 42r , 
.•. 1 =u;A, 

^ , 2— 2v— »42r - ^ 4— 4v— S? , 

And 2 x2aB 2 =sM;ft. 

o 

_ ^ 5y— 5+ lOz , 

But -^ ^ — sswh. 

5 

5 5 5 

.-. yss»5p-^2z+lf a?=B66— 7p f-ar. 



1 


6r— 7p 


2 


68— 7p 


3 


69— 7p 


4 


70— 7p 


5 


n— 7p 


6 


72—7)0 


7 


73^7p 


8 


74r--7p 


9 


TS-^Tp 


10 


76— 7p 


11 


77^7p 


&c. 


&c- 



^. 


Uast 


»d.ofA]u 


9 


1 


9 


9 


1 


9 


9 


2 


8 


9 


2 


8 


10 


2 


9 


10 


'S. 


8 


10 


3 


8 


10 


4 


7 


10 


4 


7 


10 


4 


7 


10 


5 


6 


&c. 


&c« 


&c. 
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Assumiog now z suceessively eaual to 1, 2, 3, &c« 
we shall have ihe corresponding values of x and y, the 
greatest and least values of Pf and the number of an- 
swers as follows: 

z X y 

5p— 1 
5p— 3 
5p—5 
5p'-^7 
5/)— 9 
' 5/^— -11 
5/>— 13 
5j>— 15 
5/>— 17 
5jo— 19 
5p— 21 
&c. 

Here we ma^ observe, there are seven sutcessive Va- 
lues of 2r» /begiunii^ with the 5th,) which produce no 
change in me greatest "tatue of J9$ 4ind there lire alter- 
nate! j, two and three equal hast values of p ; and this 
^order will evidently continue as long as ducce^sive va* 
lues of ;; be assumed. 

t*he last three columns of the above table may, there- 
fore» be continued without the former ones. 

Gr.val.of />, 9, 9, 9, 9, 10, 10, 10, 10, 10, 10, 10, 11, 11, 11. 
Least do. 1122233444 5 566 
No. of And. 9 9 8 8 9887776766 

Gr. val. of p, 11 11 11 11 12 12 12 12 12 12 12 13 IS 13 
Least do. 6 7 7 8 8 8 9 9 10 10 10 11 11 12 
No.of Ans. 65545544 333 332 

Gr.val. ofj» 13 13 13 13 14 14 14 14 
Least, 12 12 13 13 14 14 14 15 

No. of Ans. 22111110 

The number uf answers^ or sum of the numbers in^the 
last column, is 1 69. 
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4. Given 14xsa5y+19, to find the least possible va« 
lues of X and y, in whole positive numbers. 

Ans. a73s6, y=sis* 

5. Given 1 1 x+5yss^54t to find all the values of x and 
y in whole positive numbers. 

Ans. ar=s:19, 14,9,4. 

y=«9, 20, 31, 42. 

6. Given 9a;+13y=2000, required the number of va- 
lues of X and y P Ans. ir. 

7. Required to divide 100 into two parts, so that one 
of them may be divisible by 7, and the other by HP 

The .parts are 56 and 44. 

8. Given 17a?+19y+21;:?s=400, required the number 
of values of Xj y, and z* Ans. 10. 

9. Required to pay 1000 dollars, in French crowns, 
and five franc pieces, so that the number of coins used 
shall be the least possible, what number of each kind 
will be necessarj, and how many ways can that sum be 
paid in those coins, the French crown being 110 cents, 
and the fi^ve franc pieces 93 cents P * 

Ans. 833 crowns, 90 five franc pieces, and 9 different 

[ways. 

10. How many gallons: of liquor at 12 cents, 15 cents, 
and 18 cents per gallon, may be mixed^ to compose 300 
gallons at 17 cents per gallon ?* 

fat 12 cents,. 1, 2, 3, &c. to 49. 
Ans. •< at 15 cents, 98, 96, 94, &c. to 2. 
(.at 18 cents, 201, 202, &c. to 249. 

11. In how many ways can ^1053 sterling be paid 



* When more equations than one are given, one, at least, of 
the unknown quantities may be eliminated^ and the equations re- 
duced to one. 
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without using any coins besides eaineas and moidores ; 
the guinea being 2l9. sterling, ana the moidore 2T? 

Ans. lis ways. 

12. A foreigner haying a bill of £1 75^ to pay at a 
hotel, offers napoleans in payment^ the landlord agrees 
to receive them on condition that Turkish sequins shall 
foe taken as change; how many pieces must be used, a 
napolean being worth £7 25, and a seouin rated at 
S£ 10. Ans. 35 napoleans, ana 120 sequins. 

13. Giveii 7x+9y+^z^9999; of how many values 
will Xf^y, and z admit? Ans. 34365. 

Case 2. 

129. To find a whok number which being divided by 
any given numben, shaU leave given remainder 8. 

Denoting the required number by x^ the given divisors 
by a, 6, c, &c. and the remainders by /, g, h, tmc* we 

shall have — S, '"r^^> ,&c^severally equal to whole 

numbers* 

Put^^asn, find the value of x, and substitute it for 

a ^ 

X in the second fraction ; reduce this Hew fraction, as in 
the former case, so that the co-efficient of p may be a 
unit, And put tke fraetioa thus obtained ss^^ find the 
value of j9, and thence of a?, in terms of q and eiven num- 
bers. Substitute the value of x in the third equation, 
and so proceed. * The iast value of x will be the num- 
ber soi^t. 

EXAMPLES. 

1. Required a number which being divided by 7, % 
10, and ll,.ahall leave the remainders 5, 4, 7, and 9« re- 
spectively. 

O 
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^ Let x^ss the number sought. 

r«i_ aiN— 5 a>— 4 a?— 7 a>— 9 

Then — r— > -g-, -jn~* 'TF'* **"® whole numbers. 

Whence J±±p±j:£p.^h. 

• ^~— sssg, and jp=s95^— 4. /. a:=63gL— 23. 



• • • 



.*, — xZZ — ss6flM»3-l — ^sstc;&. ••• -^siwh. 
10 ^^ ^10 10 

And consequentlyi 

^^wh^r. .-. jsslOf, and a?=s630f— 23. 
630r— 32 _ ^ . Sr+1 . * 3r+l , 

A j3r+l . 12r+4 .^ ^t—7 , . 
And-jj-x4=— YY"- ca:r+l+-— =t(;A. 



;aE 



* If a fractional expresdon y*"^^' ^^d we divide the terms into 

their primes, it is plain that all the prime numbers contained in 
the denominator, must be also contamed in the numerator ; thua^ 

S^^^^}^^ where the primes 2 and 5 not being contained in 

« 

the 3, must be contained in. s'* and therefore, ^swA. 



INDETERMINATE PROBLEMS. 159 

.•• — -=w;A=5» •'. r= 115+7. 

And ii?=6930«+4387=s(if «=0) 4387. 

Assuniing a=l; Q, &c. other values would arise. 

2. Required a number which being divided by 2, 3, 4, 
6, shall leave no remainder; but being divided by 7, the 
remainder shall be 6 P 

The least common multiple of 2, 3, 4, 6* is 12. 

Lety therefore, I2x=: the number sought. 

12aN— 6 - 12a>— 6 ^ 36a!>— 18 ^ ^ , 

7 7 7 

— -=sZ(;A 5 and — — =5M'As==p. ,«. x^7p+4. 

And 12ir=84;?+48=48, 132, 216, &c. 

Sv Required the least whole number, which being di- 
vided by 3, 5, 7, and 8, shall leave the remainders 1, 3, 
5, and 0, respectively? Ans. 208. 

4. Required the least whole number, which being di- 
vided by 9, 10, 11, and 12, shall leave the remainders 4j 
5, 6, and 7, respectively? Ans. 1975. 

5. What is the least whole number, which being di- 
vided by each of the nine dibits shall leave no remainder^ 
but divided by 17 the remainder shall be 13? 

Ans. 40320. 

6. In what year of the Christian era, was the solar 
cycle 15, the lunar cycle 3, and the Roman indiction 
14t1" ^ Ans. 1826. 



♦ See Arithmetical Expositor, Part I, page 73. 

f The solar c^cle is a period of 28 years, at the end of which, 
in case a centunal year has not intervened, the days of the week 
alwt^s return to the same days of the month. To the year of 
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7. Required the least whole namber, which being di- 
vided by 2j S, 4, and 5, shall leave a remainder of 1 ; but 
divided by 7, there shall nothing remain. 

Ans. 301. 
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130.-^1. A bankrupt owes A. twice as much as he 
owes B,, and he owes to C. as much as to A. and B. 
together; the sum to be divided is 600 dollars^ how 
much must each receive ? 

Ans. A. 200, B. 100, C. 300. 

2. A. can perform a piece of work in 7 days, and B. 
in 9 days; in what time would they jointly effect it ? 

Ans. S\^ days. 

3. A labourer being employed on condition, that for 
every day he worked he should receive 50 cents, and 
for every day he was idle, he should forfeit 20 cents, 
finds at the end of 500 days, only 89 dollars due; how 
many days did he work? Ans. 290. 

4. There are two numbers in the ratio of 4 to 5, and 
the sum of their squares is 1476^ what are the numbers? 

Ans. 24 and 30. 

5. A Greek epitaph, designed for the tomb of Diophan- 
tus, is said to have stated that he passed one sixth of 
his life in childhood ; one twelfth in adolescence ; that 
after one seventh and five years more had been passed 



the Christian era, add 9, and divide by 28, the remainder will be 
the number of the cycle. 

The lunar cycle is a period of 19 years, at the expiration of 
which, the new and full moons i^tum nearly to the same time 
of the year. To the year of the Christian era add 1, and divide 
by 19, the remainder is the lunar cycle. 

The Roman indiction is not an astronomic period,* it consists 
of 15 years. To a g^ven year add 3, and divide by 15, the re- 
mainder is the number of the indiction. 

ff, in either of these cases, no reminder occurs, the divisor 
must be taken as the number of the cycle. 
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in a married state^ he had a son, who lived to half his 
own age, and whom he survived four years ; what then 
was the age of Diophantus ? Ans. 84 years. 

6. A person's age in years is a number, consisting of 
two digits ; ^ of this number is a mean proportional be- 
between these digits ; and two years hence his age will 
be a third proportional to those digits, beginning with 
the tens ; what is the age P Ans. 14 years. 

7. Given a?+y+z=9, icy+xz+yzess26, xyz^^4, to 
find the values of x, y, and z. 

Result, a?=2, 3, or 4. 

8. By selling a piece of muslin at a certain price per 
yard, I gained the prime cost of 9 vards, which was just 
as much per cent, as the number of yards in the piece ; 
what was that number P Ans. 30 yards. 

9. There are 4 numbers in continued proportion, the 
sum of the first and last 1728, and the sum of the other 
two 115£ ; what are the numbers P 

Ans. 192» 384, 768, and 1536. 

10. The hypothenuse of a right angled triangle is a?^*, 
and the other sides a?^*, and a?* ; what is the area P 

Ans.iv^{8+6v^5.} 

11. There is a number consisting of three didts in 
arithmetical progression, which number being divided by 
the sum of the digits the quotient will be 48, but if from 
the number 198 be subtracted, the remainder will be ex- 
pressed by the same digits in an inverted order. Quere 
the number P Ans. 432. 

12. The sum of the squares of two numbers being 
multiplied by the quotient arising from the division of 
the less by the greater, produces 83.2, and the difference 
of the squares multiplied by the quotient of the greater 
divided by the less, produces 1920 ; what are the num- 
bers P Ans. 20 and 4. 

13. A ball falling from the top of a tower« is observed 

02 
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to descend one fourth of the distance in the last second 
of the time ; required the height of the tower, he^ivy bo* 
dies being known to fall 16^^ feet during the first se- 
cond, and to describe spaces, which, reckoned from the 
beginning of the fall, are as the squares of the times ? 

Ans. (28±l6^3)ieiV fe^** 

14. What are the values of x and z, from the equa- 
tions x^z+xz^^5A6560j a:*+z*« 1086992 ? 

15. Given x+y+z+v^SS, a?8+y«+z«+«'«=910, 
a:i;+2y*— 2;»=6, and «=2ly, to find the values of x, y, 
x^ and v. Result, A7c=>8, y^% 2rB=18, v^SLl. 

16. Required to find a number, which being any way 
divided into two unequal parts, the. greater part added 
to the square of the less, shall be equal to the less part 
added to the square of the greater ? Ans. 1* 

17. Given ayt=125a?+300y, and y«— i»««=!90000, to 
find x and y by a quadratic. 

Result, a?=s400, y==500. 

18. Given (aj^+l), {x^+\)y (ar+l)=30a:% to find the 
value of X, by a quadratic equation. 

Result, a?=J(3±v^5.) 

19. The sum of three numbers in harmonical propor- 
tion is £6, and their continued product 576 ; required 
the numbers by a quadratic equation P 

~ Ans. 12, 8, and 6. 

£0. The sum of two numbers is 152^ and the cube root 
of the square of their difference multiplied by the square 
root of the cube of the same difference, produces 8192; 
what are the numbers? Ans. 44 and 106. 

21. The sum of two numbers added to the sum of their 
SQuares is 120> and the product of the same numbers 45; 
what are they ? Ans. 9 and 5. 
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22. Given a38+a^8=a:4640y, and aj^y— y3=537.6a?, 
what are the numerical values of x and y P 

Ans. a:=40/y=16, 

25. Given x+y^z, z^— a^+2^«=4rO, ;2;s— a^— y^as 
468, to find x, y^ and z* 

Result, a?assl2, y=l, 2:= 13. 

24. Given t;'»+ra:+vy+t;;r«:252, x^-\'Xv+xy+xz^ 
504, y^+yv+yx+yz^S^Q^ z^+zv+zy+zx^l^^t to 
find t7, Xy yj and 2:. 

Result, «ass7, a?=«14, y«=ll, ^=4. 

25/ Given x^'-^Qa^+xsssa, to find a? -by a qu adrati c 
equation. Result, x=^+^{i+\/a+i,) 

26. .Given a?'+a?{y+2:)=a, y^+y(a?+^)==&, z®+2f 
(aj-f y)=s(;, to find X, y, and z. 

^ a 

Results, <j y= ^(,^^^,) 

C 

2r. Given 2a?» — ^a?*— ar=+ 2a?*y — y^^9^^y/a^y — 
y/x^y^ to find a? and y. Result, a?=5, y=20. 

28. Required the roots of the eauation 4x*+8a:8— 
89a?^+28a:+49=0, by quadratics only ? 

7 -_i34.^ii3 — IS— v^llS 
Ans. 1, ~, J , ;^ 

29. There are three numbers in geometrical progres- 
sion, whose continued product is 4096, and the sum of 
the extremes is 68 ; what are the numbers ? 

Atpis. 4, 16, and 64. 

SO. There are two numbers expressed by the same 
two digits, and the differeoce of their squares is 1485$ 
quere the numbera P Ans. 14 and 41. 
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31. What two numbers are those whose product, dif- 
ference of their squares, and quotient of their cubes ar^ 
all equal ? Ans. i+iv/5, and 5:4-5\/5. 

32. The product of two numbers is 10, and the pro- 
duct of their sum by the sum of their squares is 203 ; re** 
quired the numbers found bj a quadratic equation ? 

Ans. 5 and 2. 

33. There are three numbers in geometrical progres- 
sion, the difference of whose differences is 6, and the 
sum of the numbers 42; what are the numbers ? 

Ans. 24, 12, and 6* 

34. There are three numbers in harmonical propor- 
tions, the difference of whose differences is 2, and the 
product of the extremes 72 ; what are the numbers ? 

Ans. 6, 8, and 12. 

35. Required three equidifferent numbers, such that if 
the first be increased bj 1, the second by 2, and the 
third by the first, the sums may constitute an harmoni- 
cal progression ; but if 3 be added to the second, the sum 
may be a mean proportional between the sum of the 
numbers and the first diminished by 3 P 

Ans. 5, 6, and 7. 

36. Required two such squares, that their difference 
shall be to the square root of the less as 3 to 7, and 
the square roots of the numbers to each other as 5 

to 2? Ans. (if)% and (:iV)'- 

37. Given the sum of the cubes of two numbers =35, 
and the sum of their 9th powers ss20195; what are the 
numbers ? Ans. 3 and 2. 



3 



8. Given 9 -,+36^-85, -^+ -jJL=-^+l6, 

required the values of x and y P 

Ans* x^Si, yssi& 
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39. What two numbers are those, whose difference is 
4, and their product multiplied by the sum of their 
squares 480? . Ads. 6 and 2, 

40. Given a?^^a?y==a, xz^^xz^h^ y^Zs/zy^c^ to 
find the values of x, y, and z, 

Ans. a?=(-^)^, y=(-^)^ 

z=s (-^ )", /) being = ^'abc. 

^ 41. Required the values of x, y, and z^ from the equa- 
tions a?(a?+y+2:)s=sc,y(a?+y+2:)=6, 2r(a:+y+^)=c. 

. he 'ac ,ab 

Ans. «?=-•—, y=>/-5'>^=^/7 

42. There are three numbers in harmonical pronoY- 
portion, the sum of the first and third is 18, and tneir 
continued product 576y what are the ii\|mbers P 

Ans. 6, 8, and 12. 

43. In how many different ways is it possible to pay 
dSlOOO, without using any other coins than crowns^ gui- 
neas, and moidores; a crown being 58., a guinea 21^., and 
a moidore ^7 8 J Ans. 70734. 

44. Given a?»-f y3+;2»=:266.5, a?»+y+^*==l?'6.5, 

(jp+y+z)y^sB^SO. Required the values of 
a?, y, and z. Ans. a:s=10.5, y=10, z^7.5 

45. Required two cube numbers, such that the first 
multiplied into the product of their roots, shall be equal 
to the second; but the second multiplied into the pro- 
duct of their roots, shall be equal to 64 times the firstP 

Ans. 8 and 64. 

46. There are three numbers in g;eometrical progres- 
sion! such that if the third be diminished b^r the first, 
the first, second, and the remainder, shall be in arithme- 
tical progression ; but the first and third being each in- 
creased by the second, and the second increased by 2, 
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the numbers will be in harmonical progression; what are 
the numbers? Ans. 1, 2, 4. 

47. Given x^+y^ — ^a>— ^=s249740, a?y+a!?+ya=85l6, 
to determine the values o'l x and y. 

Result, a?s=500, y=asl6. 

48. Given a?*+y*+a:»+3/3=238633— 2iry, 

y*+z*+z'>+y^+2y^2^^\640, 

to find the values of x, y, and z. 

49. The sum of five numbers in geometrical progres- 
sion is 242, and the fourth difference is 2; required the 
Bumbers? Ans. 2, 6, 18, 54, and 162. 

50. Given x+y+z+v+w=»12.l5tssa, 

a?+y+z+t?u?=9.15=s6, 

a?+y +2rvu?s=5. 68==c, 

x+yzvwss5.09^ssd, 

ayzvwsssASsse. Required the values 
of X, y, z, Vf dini wi 

Ans. *-^i^f!=li>=5, or .09. ■ 

_ c^x± y/ \ ((>-<g)«— 4((^ar) } 
^"" 2 

h —X'^±s/\i^X'^Y—\{Cr^X'^)\ 

2 
_ g— a? — ^y — ^z±v^{(a — a?— y— 3r)^— 4(6— a? — y-^^:)} 

From the ambiguity of the signs, it is manifest that 
the number of numerical values of the unknown quanti- 
ties go on increasing from x to v. 

. THE END. 



ERRATA. 

Page &2, example 6, in answer, insert, — Zah'c. 

35, line 5, for +63;, read — 6a:. 

76, line 20, for 0*+, read a'+6'. 

79, line 14, for a™*, read 3"*. 
105, line 4 from bottom, for ft, rea d c. 

105,line 3, read (l+a;)"-'xl+y (1+*/)" '- 

121, line 4 from bottom, for (102) read (101.) 
150, line 15, read c=[ar+6)r+(2ar+6)r+c. 
150, lines 5 and 6 from bottom, read c"=(as+6')*-f 
{Zas+by+c 

160, line 19, for 290, read 270. 

161, line 23, for 6v'5, read 4v'5. 



